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ABSTRACT

In this project, we construct a new iterative method for finding a common element of the
set of solutions of a general system of variational inequalities, the set of solutions of a mixed
equilibrium problem and the set of common fixed points of a finite family of nonexpansive
mappings in a real Hilbert space. Furthermore, we prove that the studied iterative method
converges strongly to a common element of these three sets. Consequently, we apply our main
result to the problem of approximating a zero of a finite family of maximal monotone mappings
in Hilbert spaces. The theorems presented in this paper, improve and extend the corresponding

results of Takahashi and Toyoda [32] and many others.
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ro=x € C,
Yn = Po(zn — A\Azn), (2.2.2)
Trtl = AnTn + (1 — ) SPe(Tn = AnAyn)

o {An} C la, 8] way {an} C ¢, d] @MTVUNNUIUSA ¢,d € (0,1) uoNAINT Nadezhk-
ina Ua: Takahashi 1ANgaNa Y {za} U0z {ya} Faflonalae (2.2.2) guiuvudeu
aam‘m z€ F(S)NVI(C,A) Lm) z = limpoo PF(S)nW(C A)n

doan il A.A. 2007 Yao uas Yao [38] Iadesuflondsman wedszinaemandn
SR F(S) NVI(C, A) muldauyfgin 4: € — H 1Juwaridu a-inverse strong-
ly monotone Uaz S : C — € Wudarduwuylivers it F(S) N VI(C, A) # 0
TaofwdWy (o) was {y.) Wil

Yn = PC(mn = )\nwn), (2.2.3)
Tntl = QpU + ﬂnxn + ’YnSPC('yn — )\nAyn)

e {an) {Bn) {7n) Lﬂuamu‘uaammmsa Tusadle [0,1] waz {1} Wudwuwes
sauesa ludiada [0,2q] uenenil Yao uaz Yao "lﬂwa%u'n &Y {2} fifmualay

(2.2.3) gvuumwuuqauwn z€ F(S)NVI(C, A) ma z = Pp(s)nvi(c,a)t



2.3 fymaasmn

so Wz Tlo e lfyyminaunIw (equilibrium problem) FaHuifyymmandinenans
wddynn Tagmwzmassygmanshiludscgndldadianirieung Tnemmuaiion
Fail W F: 0 x ¢ = R Juitadduressnnuia Yymaasmw fe fgmmsmainia
T e

. F(z,y) >0, VyeC

wmﬁmauﬂx\mummﬁmmﬂaUmw Wyuunumy EP(F)

msﬂs wmafmraaas Iy wIfymaasnin fymyansa uaz ﬁfymaaumsmi
wisitu ffu Wil a6, 2008 Plubtieng as Punpaeng [27] 1éatasziiiouddvie
Welsanarmandnsinweassa F(S)NVI(C, ANEP(F) moldauydgu A:C - H
(Whuarf$u a—inverse strongly monotone s S : € — ¢ Fuiladsuuuylivers Tnoi
F(S)NVI(C, A) N EP(F) £ 0 Wiy {zn) {yn} uas {z,} waif

F(un,y)—i—;l;(y—un,un—xn)zo, Yy € C;
Yn = Po(un — Anun), (2.3.1)
Tnyl = o + Bran + ')’nSPC(yn - )\nAyn)

({10 {an} {Ba) ua: {7} tﬂumﬂwmmmmsq Tugasila [0,1] waz (A} Huddvves
e usasia [0, 20] wenanil mU‘lﬂmsnmau"lwmﬁm‘nu F @ay {an} (6.}
uas {vn} W Plubtieng oY Punpaeng "lﬂwafuuﬂ M {z,} fifmualng (2.3.1) amnuuu
(W dan¥n z € F(S)NVI(C,A) N EP(F) ilo 2 = Pr(s)aviI(C,A)nEP(F)U

1 a.#. 2009 Qin, Cho uaz Kang [28] aHasfvndsig (iedssnammandndiu
voalfymaasniw Toymeaesshu wazllgmeanmsmsulsiuves 4;: C — H,
1=1,2 Lﬁﬁ) A; HuwWandulszian a—inverse strongly monotone taswWandy S;:C — C,
i = 1,2 WuWaddunuubivins Taommuaddy {z,) {v.} uaz {z,} Fail

F(un,y) “+Hury <y Un, Un —Zn) 20, Vye€C;
Un = PC(un = Antn), (2.3.2)
Tnt+l = QU+ ﬂnzn - 'YnSPC(yn = /\nAyn)

o {an) uar (6.} dudrdvvssdauesa ludala (0,1] uaz (A} {7} uaz {un}
lﬂuammmmmuma Tugatla {0,2¢] mv‘lﬂmsnmau"l‘u‘ummﬂv {an} {ﬁn} {%}
{An} war {un} it Qin, Cho lar Kang "lﬂwg%uﬂ f1ey flatalag (2.3.2) guinuvvidy
gandnnunamasveifymaasnin Yymaansssin wazfymeaumsaisulsiu



v
L%

2.4  szuumlilveseaumsmsulsiuuastiymaavaiwman

v v & vao o a  de w - ¢ ¢
Widell §veldlWsnvazBeaiidvgnn vesdfymmundamans lagazudaiiom
poniduapadiu fe tomdiuusn vwidnvazdvavesszuuiymimllvesifymeaunis
L/ é’ 1 4 i L
MsuwlsAu wazilomdarufides wwlisivarBeansdvifymaasanwnen

i 4‘1 o <« 7 1 ‘é’
Taofilomanszdfiny derelUil

2.4.1  szvumlveseannisnmswilsay

swazidvavesfymoaaumsmsudsiu @vldlivazidualiluide 2.2
luiteil3ve a:l%sva: taUﬂ‘umﬂtymmqﬂfuﬂmaﬂiﬂﬂsauﬂauﬂfumaaumsmﬁuﬂiwu
Tﬂmwmﬂuumwﬂawm wongwaassuuiymalimaeannnd1 ssuuifamitiiogii
wazBonssuuii stuuialvetedunismsuysiy” (general system of variational in-
equalmes)

sy llveseaunismsilsii "lﬂﬁnmﬂsqmﬂ Tuila.a. 2008 1ng Ceng et al. [8]
I¥dnuifymmsmandn (z*,%) € C x C il

(2.4.1)

(My* +z* —y*,z—2*) >0, Vzel,
(uBz* +y* —z*,z —y*) >0, VzeCl,

e A way u tHuaesdivanesauin was 4, B : € — H (uassifaddula 9 asdiiawizves
<& o < 1 V_ e 'Y ¢ [

sty llvsseaunismsudsin axfiui dimmualdileddy 4 = B ui ssuutfgm

4.1y wraagihfusuifymmemandn («*,y*) € C x ¢ W

* K gk o * >
{()\Ay +zt -yt e -3 20, VZEC, (2.4.2)

(uAz* +y* —z*,z—-y*) >0, VzeC

Fufussuviianuilag Verma [33] Wz enszuuinn "sruvlniveseaumsmsusiu mew
system of variational inequalities)” enandl gdniowly 1 2+ = ¢+ udr suuifam
2.4.1) vzaagliiu msmwataaﬂ‘umiftymaaumsmiuﬂsﬁu VI(C, A) ludo 2.2
lumsise NUAMINAIRAY VDI syulveseaunismsudsiu Ceng et al. [8] toada
sufodsien edsanamimandndiyn venamagsuulUvesoaunismawlsdy
dmsuian o uaz [-inverse strongly monotone llﬁ:l‘ﬁﬂ‘ll’e)ﬂi}ﬂﬂﬂ‘uaim’iﬁﬂll.“U‘lJ"l:J‘\lEﬂU
luilsgiigadsn Tnvadeszidouiivian wail

W 21— v € C uar {z,) {ya) Hudrduiidmualag

Yn = PC(CL'n - :qun)a
Tnil = QpU + bpTy + (1 —Qn — bn)SPC'(yn - /\Ayn)a n>1

o A € (0,2a),u € (0,28) was {an}, {bx} C [0,1] meldmsnadeulvvesdny {a.}
Waz {b,} Ceng et al. liAga1ii 100 {z,.} Wdhuvudugamndniin veaxavsigania
vpamsdauvyliveiy S uar wamasvedszuum luveseaumsmsudsnu (2.4.1)
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113 a.¢1. 2010 Yao Liou Uaz Kang [36] WatassdlvySaie tﬁaﬂs:mq&ﬁmmamau
Hruvesszunifm (2.4.1) uar Tymyansweamsdawuylivers S lunsan A,B:C —
H duiaddu o uaz B-inverse strongly monotone ANAIA1
18 Yao Liou uas Kang Wadasufodsms {z.) {ya} uas {za} feil

zn = Po(xn — pBz,),
Yn = nQTn + (1 - an)PC'(zn - /\Azn)y
Tnyl = Pnn + 'YnPC(Zn - AAzn) + 5nSym n>1

dlo A€ (0,20), 1 € (0,268) war {an} {Ba) () {6} C [0, 1] molFmsnadaulives
a0 {on} {Ba} {1n} a2 {8,} Yao Liou uaz Kang laigeiin é1ay {z,} lagiinuuidy
gaundnsauvearavei9anie veamsdsuyulivety S waznawasveaszuuialives
pauMsMsuYsiy (2.4.1)

24.2 iymaasmnwa

ludhde 2.3 {30 1alineazdoaveatiymaavnw Fafluifgmiis:lond

ot Aeinermaniuianinaingenansilszgnd wazainsadunsegadly
1dpganTarng e1f gu ﬂi"Uﬂﬂ"l‘ifﬁmé’umsmﬂﬂﬁﬁﬂmé’ﬁﬂsmaﬂ 3o e
AAUNY smmms‘l‘mswmﬂs‘lwmﬂﬂsﬂwuaaaﬂ Nty "lﬂumqyaumaqﬂmmms
mmmm fign Annadenansvuds WelHdemldselumsvudatiosiian
ity SRR EARITRITEING ahasuilerdimsriteysanae mnaRayvesiiymaasmw
atedatilos nmaradina 18 i Tundunils Igdnuniymmandamanifinaounau
Yymaasmn uazonifyniheh "Jyrmaaun wway (mixed equilibrium problem)”
Taodiifomms: fail

W o : € — RU{+oo0) Huilaridt uar F dluifarddu fidsmn ¢ x ¢ W R e
R (Jutsaueaniuauasa lull a.e. 2008 Ceng uas Yao (9] lddnuiifgmnmismaindn
z € C il

F(z,y) + ¢(y) > p(z), VyeC (2.4.3)

Gon Ygm (2.4.3) 1 Tymaasnwweu LS FAYDINALRALTATILA vouifym (2.4.3)
Wouunudy MEP(F, o) naifam (2.4.3) audiud i1 z Wunamasvsatfym (2.4.3)
Wdd z € domp = {z € C | p(z) < +o0}

antfym (2.4.3) 2diudn 1 o = 0 ud Tymeavmiwwan (2.4.3) samuTuifym

MsMansn z € C AMIA
F(z,y) >0, VyeC

- H W4 A‘ 1
afde tfymaavnin dlymmsmanin EP(F)) idnunluide 2.3 venainil ezifiud
1 F =0 ud fymeasnimwan (2.4.3) vzaagdifhu ifyym convex minimization

| = P 4
Aduifgm msmandn z € ¢ Al

2. De R4

oy) > (), Vyel (2.4.4)



A’ 1 v 9 e/ 1 <
wonnIndl iU M ¢ =0 ua: F(z,y) = (Az,y — z) dmsyunazamnsn z,y € C
4

war A JuWadsuidann ¢ W B udifgmaasmnmean (2.4.3) sznansduifym
paunIsMIu Ny ua:is’mﬂﬂim;uh EP(F) = VI(C, A) msUssinammneainngued
Yymauganau Saflutfgmiiianuddny varsnduedada fafy Jaiinidesmuann
Ixatasuiionavhen dedsanamiminamasveatymdingn e17 15U Peng uaz Yao
126] WatassdnAiviniinmunlag

x=1x € C,

F(un,y) + o(y) — 0(un) + = (Y = Un,un — ) 20, Vy€C,

Yn = Po(un — TnAun),

Tnt1 = Q¥ + BnZn + (1 — an + Bo)WnPo(Un — mAyn), n>1,

meldmsnaderlvvesiladdu F o, W, 0ard @y {on} 6100 {8,} S0 {7,} uazdrey
{ra} Peng ua: Yao lgnid @iy {z,} 610V {y,} warddy {u,} Wgdhuvudy
gandnfinvedwavenamarrsalfymannanay (saveInanasvedfymoanms
MsulsAu uazisavoaifymiyansa

H v
<y

<y =4 v
2.5 NYEYNLINIVBY

Y X e - " g v ¢ yd o de s
Tuileml vrl¥vaziduaves futu ngufun unaa wazesdau3du 9 NIty
1 Q' ] = s ~ Y d' < A” o < w A’
aghadademsigal nguiunmsguinluuni 3 Tnsfidlomeanszddny dadeli
Amueld 7 Julafidaiisn wiouduwagaumelu () war ¢ Juwndeyila
aournduazbifuirainwes B A4: ¢ — H (JuWindu 32580 A 31 monotone t

(Az — Ay,z —=y) >0, Vz,yeC
<t LA 1 4 4 o =) ‘!‘ ° 9/
wazSonWandu 4 91 a-strongly monotone H1 FIIUIUITILIN o > 0 NMNIA
(Az — Ay,z —y) > ol - y|?, Vz,yeC
= [N
Nneaunsi MAlan
Az — Ay|| = aflz —y|

Tide A Suiafi a-expansive uanmInil adiui §1 o = 1 ud Haddu A
wiudarisunoy vy

NNUOINUBINIATU monotone Warndu a-expansive Uz Werntuuvylidvey
annsanstvaevlaie fenuduiudussiladdu §ail

strong monotonicity = monotonicity

4

expansiveness

12



wFeaInTu A 1 L-Lipschitz continuous (V39 Lipschitzian) 0HUAAIN L > 0 Al
Az — Ayl < Lijz - ||, Vz,yeC

Waridu A %:Qﬂﬁﬂﬂ‘h a-inverse-strongly monotone (139 a-cocoercive) 61 AT MIUITIWIN
a >0 AmA

(Az — Ay,z —y) > ollAz — Ay|?, Vz,yeC

P v ‘ = Yo | i | v . LY [
nnfiguaananmuladadn 1 A (Hufadsy a-inverse-strongly monotone 11 A (Flu

A . . by Vv R © 1 v [ A
Wari4U monotone 1Az Lipschitz continuous #38 Uan1nLl 92U 1 A4 (HuWadsy -
strongly Waz L-Lipschitz continuous a3 A T (ar/L?)-inverse-strongly monotone W
Wandu inverse- strongly monotone "lmnnJum Hhu qusu strongly monotone
WITuAWINFY A I relaxed c-cocoercive t umm*n c>0 ‘vmﬂw

<A:L‘ - Ay,x - y) > (—C)”ACB 3 Ay”27 mey eC
war awFonWendu A N relaxed (c,d)-cocoercive t daoeenai c,d >0 AMA
(Az — Ay,z —y) > (—o)||Az = Ay|* + dl|z — y||*, Vz,yeC

iU e =0 udr A4 vniiluiarisu d-strongly monotone il vzifiuTinana

YoINIATY relaxed (c,d)- cocoeruve 3:1AN71 AMEVRINIFY strongly monotone H3TAl

m"lﬂmmauwuﬁﬂmum mu d-strong monotonicity = relaxed (c, d)-cocoercivity
nnfluveailaddusandn sldnnuduiusvesiladsuiiadymann §ail

M Maudiuns (operator) u Lipschitz 'continuous uad relaxed cocoercivity il strong-

ly monotone W# strongly monotone 9l cocoercivity FI05NYAIUAIDY1 é’qwia"lﬂfq’

%19 LW H = R, ¢ = [1,00) as 4 : C — H % fiulay Az = 2, z€C

1

MFVUARL z,y € C 3 lan

(Az - Ay,z—y) = (& =)z —y)
(z+y)lz—y?
> 2z —yf?

Ay 4 1w 2-strongly monotone W15 auuﬁ‘bﬁ’ Al pi-cocoercive @1MIUUN uw>0
00N (Az - Ay, 2z —y) = (2 + Wz =y > ple? = 22 Juwald 2 +y < L L dmiuyn
z,y € [1,00) FudulUlily wafu 4 50 p-cocoercive dmiuudas w> 0

o vzl unungve alad U metric projection Fafunum war fanudwdued
nafumsUsznam mnamagvesssuuillvessaunismsuisiu was Heymyaasa
Tnilmszddndadl Wiligidadin B Juiinnuiudh wiozensn o e 7 sxilandaly
C Wvh@oivii Alang o 'ﬁqﬂ wasidoumndniu §u Poz vinteufivesanandn
laldn

e — Pozl| < |l —yll, VyeC



wat3uNANBN Po 1N metric projection W93 H WHs C MnaulfAninan
ansauaaslddion Po dudadsuuvylivesnn B wde C wardeandeafvaul@

(z -y, Pcx — Pcy) > ||Poz — Peyl’, Vz,y€ H (2.5.1)
Nneaums 2.5.1) Juwaldlan

Iz —y) — (Poz — Pey)ll* < llo ~ yl* ~ | Poz — Poyl®, Vz,y € H (2.5.2)

(Y3

T e . L o & o oo ' &
UININUANUAVDI metric projection YU fRuaudn asraldis: Pecx € C uaz

(x — Pcz,y — Pcz) <0,
Iz = ylI*> > ||z — Poz|® + || Pez — y|? (2.5.3)

dmiunnandn = € H warandn y € ¢ Faanunsafnuideya uarnvazidualdinn
WNATUUVDY Goebel was Kirk [12]
msfnuMslssinasmaamasvesifymauaanan Gouly uar auy@guisuiu
] Q‘ g e 1 < A’ o @ & ! 4’
891983 vaIlaniu F, ¢ unnsagos C lasiilomanszdnny dada il
(A1) F(z,z) = 0 dmsunn z € C;
(A2) F (Juwdad 51 monotone nanfe F(z,y) + F(y,z) <0 Ef’lﬂ%’U‘V]ﬂ z,y € C;
(A3) dmsuudar y € ¢ Wantufiimualas o — F(z,y) (Iu weakly upper semicontinu-

ous;
e A o

(A4) dwmiuudaz z € ¢ WaAFuNfmualne y — F(z,y) WU convex;

(A5) dmsuuaar « € C WarFuidmunlas y— F(:z: Y) (i1 lower semicontinuous;
(B1) dmsvusar z € H uar r >0 9 Nl‘KﬂUaUﬂN‘UE’)Ul‘Uﬂ D.CC uas y, € C 'VWH‘I'VI
dmsuudar z € C\ Dy,

F(e,0) + 9(5a) + (s = 2,2 = 2) < 9(2)

(B2) ¢ Wutsanilvouiun
a ¢ = (74 < ad o o A w & c; &
MIRguinguiunmsgdn veasseyisismad i vuluuni 3 YnAl (Lemma)
nniunardratyedinnn denmisinyimsisanasimnamaniiun veatymeaunwwey
4 N o g
naRagvaaTt UM lWveseaunmsmsulsiu wazifymaansa ddavelii

e 2.5.1. (6] T ¢ iundasila nouand wazluiilwwninven/spiddaiisn H
amuald F iluitedsuiids 91 CxC e R Seaeandoasycouly (A)-(AS) uaslif
@:C — RU{+oo} TU proper lower semicontinuous UazWIAsuABUIIAT
ﬂuyﬁ?ﬁﬂaﬁﬁ’adn"ytﬁ"aw?‘y Soladanilasnin (B1) vie (B2) dmiy r>0 uaz v € H
Amuans AU T, - H — C a9l

Ti(z) = {26 C:F(z,y)+<p(y)+%<y—z,z—:v) 2 ¢(z), Vye C}

o v 2 1} ] A/ b
amsunn z € H udavzldusiazdosehliniuesa:
(1) amsvusiaz z € H, T (z) # @;
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@) T, avluidudes;
3) T, (Ju firmly nonexpansive narfAe amiuusiaz z,y € H,

T (z) — Tr(y)“2 <{Trz - Try,x — y);

(4) F(T;) = MEP(F,¢);
(5) MEP(F,y) Jwiwalln uazrouins

& o .o o . - 4 v I ¢
unag 2.5.2. ((17)) {an} Wudduvessiviussvin Feaeandotautinaail
any1 < (1 - tn)an + by, + tncn, Vn > 4

W {t,} {ba} uaz {c,} donndvaiuRouly:

n—00

o0 oo
(1)) tn=o00; (i)Y b <oo; (iii)limsupe, <0
n=1

n=1
Y .
ual lim, o an =0

unel 2.5.3. (22) I (H, (., .)) ulspdmaganioly udd dmsvusas z,y,z € H uas
o, B,v € 10,1 wionduSouly o+ B+~ =1 9ldn

laz + By + 21> = alle|® + Bllyl* +lll|* ~ aBllz — y|I*
~ avlz —z|* = Blly — 2|

unea 2.5.4. ([(31]) {zn} uas {yn} 11711;’1’7@”1/#17?/3111wm?uz/?g:?ymm X amualid
{b.} (Tuardviu [0,1] F1 0 < lim infrescebn-< limsup,, ,oobn < 1 ANHA Tpy =
(1=bp)yn+bnzy @M5UTIUIUAN 1 > 1 UAZ limsup,,_ .o (|Uni1=Vnll— |Zns1—2al) <O
U8 limy oo [|[yn — Tl = 0

UNAY 2.5.5. ([12]) (Demi-closedness principle) aus@iy T (uiansuuyulvery

l#’ ! ] 4 ) oo - - < )24 <f <¢ |4
ndsyuadasila uazneuing C vespddadsayiesy H a1 T 49aa5y uds I-T
1y demi-closed na1sfia @msuusazany {z,} v C &1 @18y {z,} guimvvdeu
gunawndn x € C (Wynunumgdgyanyal =, — z € C) uazawy {(I — T)zn}
(R4 174 i a =3 v o/ \2d Ul 2/

EVMUYN guNansn y vouununlgagyanyal (I — Tz, —y) ka1 (I-T)z =y
ia I (TuWadvuenanyalyu H

P

Q‘_’l <y <~ < < ] 14 J -
wnes 2.5.6. lulf5pidadismBanie H o ldaaunisiuilueia

Iz +yl? < llz)® + 2y, +y), Vz,y€H

¢ o es

Ao vz Ilioumeadaddu Addgiluegiann lumsinumsdsrinasimaanissiu
U L] < oy ) : o U w 4/

voaraiFuuuuliverolul3ngidadsa A Wneliiiemassddny Al lull a.e. 2009 Kang-
tunyakarn Uas Suantai [!4] Toferudaiduuvying uazGvawadduiiudl S-mapping

= v Y 2 N [ LAY LA 1 1 o

if=

Taofiow sail W {7}, unddidavesiladdunuylivens vusades C vouligi
gaddn H dwiuudaz n e Nuaz j = 1,2,...,N, W ol = (77,057, 057) Taoh

h.
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o0y oyl e [0,1] uaz o’ + a3’ + a7 = 1 19y Kangtunyakarn Wz Suantai
Wahastaddulni S, : ¢ — ¢ Wil

Uno =1,

Uni = "' TUno + a3 Uno + o3I,

Ung2 = )" ToUn 1 + a32Up 1 + o271,

Upg = a?’3T3Un,2 + a;" Unz2 + oy’ 3,

-1 n,N-—1 n,N—1
Un,N—1=041 InA\Unn-otay” Upna+ay 1

y

Sn:Un,N:al’ TNUn,N—l +Oé2’ UnN 1+a3 NI

U A" 4 1 L =y
was Gonwarddy S, 1 S-mapping Aiferinialay 71, Ty, ..., Ty uaz o™, of™,..., ol
Joduns wifiudl vinmsiiudaz 7 tﬂuﬁaﬁ%ﬁutmu"lmmﬂ Lﬂuwa‘lﬂﬁqnw S,
= A [} 2/ i g . U YV & a o &
Juarduuwuuhiversdie uenvinil Kangtunyakarn Wa: Suantai léigaideifioesadail

WA 2.57. (14 W C (Tummdesila peuind waz lidlusninvea/5gd sticty
convex Banach space X Amuald {TYN, luadviia ‘uadﬁfmwuzwﬁ/?/t/wyu C
auydli I, F(T) + 0 waz o; = (od,ody0d), 7 = 1,2,...,N, (g ool o e
[0,1],a{+a§+a§_1,a{e(,)amszmnj_lz N 1, o € (0,1] ua:
o}, o €[0,1) amsuya j=1,2, ... N Wifrivu S tﬂu S-mapping Tinanuiinlay
T, Ts,..., Ty 482 oy, 00,...,an Ud2 F(S) =N, F(T;)
YN 2.5.8, ((14) W ¢ (duwadeeda movnndua: liidwyainveanlsgiunne X
uaz {T}Y, zﬁmm’v’m"mm%ﬁ%’mwu7:]7/(/7ﬂz/u C amsyusiaz n e N uazqn j €
{1,2,...,N} I a(") = (a7, 057,a3") a; = (), 0, o) g o apd € [0,1]
a’l,a%,aj €10,1] oY +ay? +a3? =1 Ua: o 4ad+al =1 auyd o™ — aJ o n —
co M3V i€ {1,3} wuaznn j=1,2,3,...,N W S ua: S, (iu S-szmwnnanuuﬂTﬁy
Ty, Ta,...,In 402 a1, 0,...,an U8 T1,Ts,..., Ty uaz of,ol, . o sy
Ui lim, oo || Spz — Sz = 0 dmMsusas z € C
N 2.59. ([s)) W 2 oyt € C o:ldh (@, y*) (Tunamagvaatam (2.4.1) figadis
= {uganiavesiladsu G. ¢ — C fidilae

G(x) = Pc[Pc(z — pBz) — MPc(z — uBz)], Yz €C
tflla y* = Po(a* — uBz*)
Wulasams3suil §ivvezdouuny wavosgandatimuaveaieds ¢
Mmudydnwal GVI(C, A, B)

UNAY 2.5.10. @4 W A C - H (Juiadvu L s-Lipschitzian ua: relaxed (c,d)-
cocoercive AMuUAIA B : C — H (fuwadsu Lp-Lipschitzian Uaz relaxed (c,d)-
cocoercive 1 G : C — C (Tuiadsuiiienlng

G(z) = Pc[Pc(z — uBz) — AMAPg(z — uBz)], Vz € C
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T2 /__’ 2 [ [ [}
§10<x < 2B yar 0 < p < X5 28) iy ¢ (flukteAshuuytivene
A B

NABT9T war winAnveamsdsznaus tiemuawmasvestfymaasaiwsay

HaRagvesTuuM lveteaunmsmsudsiy uardymayandsdmsunaidu
1 < e b o d s 5 - 4’ P @ Y v <4 <4<q o ‘0’ 1

wuubiversludigiidadsn da Tulasanmsidell fHivedesmsadsadiouiseim
tedsninafmnamasiinvestfymaasmwnan wamasvesszuunallveseaunisns
wilsdu uar Jymaansanuvendndavesdaddunyyives lulsgidadsa laoh
sruumldveseaunismsusdy 3svasdnmlunsdivosWanidy relaxed cocoercive

= A4 ad o A av & & <
TagfisziligyisviiiesAnvlulasamsiveil szuanaliluiliomussunii 3
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N 3
WANNAUMNTIVY

A’ & Ve, @ V o i act ' ' d‘ L]

e luunit Advlminaue sudevitnsdszanamuyylndvemnamaysiu
w01 Yymeasnwwan ssuumlfveseaumsmsudsdu uarifymaansasindmsuiad
NAnvealadsuuuybiveeluligidadse wSounaRguinguiunmsguhuvudaues

4 =ty o ‘GI 4:' k74 é’ 1 1 v ' A’ v o b=

sulowIBheasavy guamasniuveaifym dnan venvnil lalszyndnquiun
Mg edszinammramashHuveaifgmeasniwwan fymmsmamndngudves
Wafdu relaxed cocoercive uazifgymyansesnadniavasansunuyliverslulini
gadfa uanihldszgnddvmisdsanas mrawasnvesfygmeaasniw Tymasm
mnBngudve Aty muealafidl maximal monotone ayrmsmamndnguduaarfansu
relaxed cocoercive Fuiunguiuniisuiunarddyedads demsimguiunliscgndls
lumaimenmaniuigns uazinomanidssynd

3.1 sudernvdszanamuuylvd

domilazlinoazdvavessziioyidimuuyin Weldlumalsanasvmunamay
Swvasifymaasmwnan szuuilvesifymeaumsnisulsdu wasymaanissinwes
ndndanuybivoslulsgisadsa Tavidomeanszany il
W ¢ Duadesila aeunnduazliifuwadiwesligidadisa B dAmualinnimes
v UaL z; € C uazaNImay {u,}, {ya} was {z,} lno

Fun,y) + 0(y) — o(un) + 7Y — Un,Un — Ta) >0, Vy€C,
Yn = Pc(un — pBuy), (3.1.1)
Tnt1 = QU + bp&n + (1 — @ — b)) SnPo(yn — Ayn), n 21,

o S, Wy sfaddu Adedudielas 70,7, Ty waz o, 0, ol A uaz 4
Lﬂuaaammuﬁmnmﬂmmuﬁ {rn} Juadulusin (0,00) uaz {an} {bn} Huday
Tudas [0, 1) 3016w sudorithaiiedalavaums G.1.1) Wefigal
nguunmisginuuudy gramassinveafymmaasniwway ssuviallveseaums
My wazifymyandssinvensdidavesfadduuuylivens Tul3giigaidse
Tasaznanneazdoa huifomdely



< L7 v
3.2 NEHHNIFLNIULVULUN

ol §ivvezRgninguiunamsgithuuudy yeasuilordiig G.1.1)
dramassinves Yoymaosniwwan ssupillveteaumsmsudsi uaz ffomyanda
Hruvearnfaveainsunvybivoesluliglidadin wazanmaidelimgqugun
wazesdaNudlnaifid iy Tnoililommssadydaroluil
e 3.2.1. Amuald B : C — H (fuifady L-Lipschitzian uaz relaxed (c,d)-
cocoercive 810 < p < 3(‘1—Z§L—2) uds I — uB Whuiedsuuyyliveny
Agoi. dwmsuusar 2,y € ¢ 3lan

(I — pB)z — (I — pB)yl® = |I(z — y) = u(Bz = By)|*

= ||z — y|* + #*| Bz — By|*

— 2u{x — y, Bz — By)
< |lz = yl* + p?||Bz — Bylf?

= 2u[—c||Bz - By|* +d ||z — y|’]
= |l& - yl* +p?|| Bz — Byl®

+ 2uc| Bz — By|* — 2ud |z — y||?
<z — ylP* + P Lz =y

+2pc L¥|lz — y||? — 2pd ||z — y|)?
=1 +2uc ¥ = 2ud + p*LP)||z -yl
< [lz < glf?

Wuwald 1 - wB Hudleddunuvlivens g

nouiun 322, B ¢ (Juwadasila aowand uazliiwwainvenligidadin H
amuald F o fuiinsuan ¢ x ¢ hér R faesndaediidouly (A1AS) uas ¢
C — R|J{+o0} (TJuWsi5u proper lower semicontinuous uazwWersunauang amuald
A:C — H (TJuwafdu L s-Lipschitzian u@as relaxed (c,d)-cocoercive taz B : C — H
(JuWAsu Lg-Lipschitzian U@ relaxed (¢ ,d )-cocoercive auua {T:}Y, (Turedvina

voaarsuuyy ivenoun © il @ = N, FT)OGVI (C,A, B) NMEP(F, ) #
@ dmsvuda: j e (1,2,...,N} W al® = (a7 057, 05) 1o o}, 05,057 € [0,1],

o™ ol 4o =1, &P C ) F0 < <6 <1, {a™N} ¢

Jj=1
ve1], 0 < myv < 1 war {adP} {af?}, € [0,60] 99 0 < 6 < 1 Amrualil
S, iy S-Widsu Adeauiialay Ty, Ts,..., Tn taz o™, o™, ... o™ anydidouly
y 1 2 N L]

(B1) M58 (B2) (luase Amualdf v uas =, uommeslagly C uaz {z,}, {un}, {yn}
iuaraynnmunlag

F(un,y) +¢(y) — ¢(un) + %(y —Un,Un — Tn) 20, VyeCl,

Yn = PC(un - ﬂBun)7

Tngl = @ + bpTn + (1 — an — b)) SnPo(yn — Ayrn), n2>1
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4 2) o 4 L a
o 0< A< L‘iﬁi Upz 0 < p < %—LB— dudaulvdelinduesa
(CD limp—eo an =0 uazy 2 an= oo

(C2) 0 < liminfp_00 by, < limsup,_,o bp < 1;
(C3) liminf, oo mn > 0 UA limp o0 |The1 — Tl = 0;
(C4) limp, oo a7 — | = 0 dmsvusiaz i € {1,2,..., N} uas
limp— oo {a"H’J 3’J| =0 uslaz j e {2,3,...,N} ,
ua1 {z,} gueimuwdug T = Pov was (z,y) duwainasveafym (2.4.1) e 7 =
Pe(T — pBI)

Agoil fmueld ¢ € Q uaz {7, ) Wididuveailadsuiionduunds 2.5.1 vinunda
2.5.9 [Wuwald

z* = Pc[Pc(z* — pBz*) — AAPg(z* — pBz*)]

MAMUAIA y* = Po(z* — uBz*) WAL t, = Po(yn — AMy,) U8 z* = Po(y* — Ay®)
uay

Tng1 = 0pU + bpxy + (1 — ap, — by)Sptn
NAUNAI 3.2.1 was Po T, (Huiesuuuylaivens datiu

litn — 2*||* = || Po(yn — Myn) = Pely* — Ay*)||?
< lyn — 7|2
= || Pc(un — pBug) — Po(z* — uBz*)||?
< Jlun — =¥
= T, zn — Tr,z*|?
< |lzn - 2| (3.2.1)

Wuwald

[[Tn41 — || = lanv + bpzn + (1 — ap — bp)Sptn — 27|
<anllv — ¥ + ballTn — 2| + (1 — an — by)|tn — z*||
< apllv = 7| + bpllzn — 2| + (1 — an = ba)|lzn — 7|
< max{|lv—z7|, lz: — «"||}
Tuite {z,} Judduifivevun Fadunaliasy {un} @O {y,} dWY {t,} drey
{Ay,} 910V {Bu,} warddy {S,t,} fvovwaaio eann Po (Juwanduuvylaives
MilFlan
ltn+1 — tall = IPc(yn+1 — AAynt1) — Po(yn — Myn) ||
< |[Yyn+1 ~ ynll
= ||[Pe(unt1 = pBunt1) — Po(un — pBug)||
< lunt1 = unll (3.2.2)
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(10990 u, = T, 2, € domy UAT Uy = T, Zns1 € domep \Humali

1
Fun,y) + o(y) — o(ua) + T—(y — Un,Un — Tp) >0, VyeC (3.2.3)

ac

1
F(unt1,y) + o(y) — p(unt1) + ” (U = Un+1, Uns1 — Tny1) 20 Yy e C (3.2.4)

n+1

v
7

AU y = w1 aums 3.2.3) uas y = w, luaums (3.2.4) fai

1
F(Umun+1) + ¢(uns1) — o(un) + 'r_<u”+1 — Un, Up — Tp) >0
n

uas

F(uny, up) + (P(un) I ‘P(Un+1) + {Un = Uny1, Un+1 — $n+1> >0

T4l
Wagnn F duiadsumadien daiy

Up — Tn Un+1 — Tp+1
Un41 — Un, — 2 0
Tn Tn+1

(WSITRZY

Tn

<un+1 — Up, Up — Uptl + Uppl — Ty — ” (un—i-l 7 $n+1)> >0
1

n+

Wuwald

Tn

) (Unt1 — $n+1)>

ltng1 — un“2 < <un+1 —Un, Tpt1 — Tn + (1 -
Tn41

.
< funes — unu{||xn+1 — a1~ T s — xnﬂn}
_ Tntl
o
lunt1 — unll < Jlensr — T + a1 ITnt1 = Tnllltnt1 — Tnt1| (3.2.5)
n+

VNAUNIT (3.2.2) Uar (3.2.5) Midlan

[tn+1 = tall < l[2ns1 — znll + Irns1 = TalllUuns1 — Zpia | (3.2.6)

Tn+1
AMUATE 41 = bz + (1 — bp)2s AATIY

_ Zn42 — bnp1Trp _ Tnil — bnTn

Zn4l — Zp = 1_bn+1 1-b,
_ 919+ (L= @ng1 — bni1)Snvitnir  @nv + (1 — an — bn)Snty
1- bn+1 1- bn
a a
_ n+1 (U _ Sn+1tn+1) + ____n_(Sntn — 'U) + Sn+1tn+1 - Sntn
1—by1 1= bn

(3.2.7)
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AR RNISNA | Spt1tnrs — Sutal|
dmsuudaz k€ {2,3,..., N} auifiui
1Un+14tn = Unitnll = llo T Tuln 1 ko1tn + oy T U ke + ay e,
— ¥ T Un ko1t — 0 Up - 1tn — ot
= Ila"“"‘(TkUnH k-1tn = TeUn k—1tn)
+ (an+1 k )TkUn o 1t + (an+1 & n,k)tn
+ oy (Un+1 k-1tn — Ungatn) + (@5 — a5 )Up k1|
<afth k”Un+l k=1t — Uneatall + 10f % — o PR Tl k-1t
+log ™ — a3 (litall + af P H Uit p-ttn = Uniostal
+ 15" — o[ Un k1

= (ot 4 ;‘“ N Unt 16180 — U —1tnl|

+ 1] — PR Tl kot tal] + J02 5 — a2t
+Jon ™ — aB U, keitall
k
< WUnir k-1tn _Unk 1tnl|+|an+1k " N TUp k1t

1oz — QB + (0 — ol ) £ (03 — o ) [[Un it
< WUt e-ttn = Ungottal] + [0 — @28 | T 1
k
a5 = g Hltnll + o — of | Un it
+ g — TR U kot
= Unt1 1t = Unta]) + o™ — o7 | (| TkUr pcrtall + | Uno—1tall)
1o = R Il + 1Un i -1tnll) (3.2.8)

VINFUMST (3.2.8) 1Tuwaly

”Sn—i—ltn - Sntn” = ”Un+1 Ntn . Un,Ntn“

< ”Un+1,1tn n 1tn “ + Z lanHJ a?’jl(”I}'Un,]’—ltn” + “Un,j—ltn”)

1,7 \J
+ Zla’” 7 = ag?|(lltall + |Un,j=1tal)
IO!"Jrl T = a ! Tatn — tall

N
1,7 J
+ 3 1™ — o (T Un - ttnll + |Unjortall)
Jj=2

1,7 \J
+§:|0t"+ 7 = o5 |(lltnll + 1Un,j-1tall)

avunn@auly (c4) Mmlilen

Hm [|Spt1tn — Sptall =0 (3.2.9)
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atulavanns (3.2.6) 2218

”Sn+1tn+1 - Sntn” < ”tn+1 - tn” + ”Sn+1tn - Sntn”

< @ny1 — Tnll + [Tns1 — Toll|tnt1 — Tl

rn+1
+ [|Snt1tn — Sutall (3.2.10)

VNANMT (3.2.7) uaz (3.2.10) 22161

An+41 a
211 = 2nll = [Tns1 — 24 < LHU = Snittnia|l + 5= Sntn — ||
1-— bn+1 1- bn
+ [[Snt1tata — Sutnll — [|Tns1 — znl
Qn41 an
< ——|lv— S 1t ——||Sptn —
7. v — Sntitntall + l—bn” ntn — V|
+ ITr+1 — Talllung — Tnt1|

Tn41
+ ”Sn—th - Sntn”

Taodeuly (C-(C3) uazaums (3.2.9) (Tunald

limsup ||2n11 — 2zn|| — [Tt — 2Zal] <0
nN—0oC

v
o

Taounad 2.5.4 9216 ||z, — 2] — 0 tiie n — oo Wati

Im [|Zny1 — zo| = lim (1~ by)|[2n — 24| = 0 (3.2.11)
n—oo n—o0

tdisnn@ouly (C3) aums (3.2.2) uaz (3.2.5) WuNal uns1 —un| — 0, ltnt1—tn] —
0 UBY |[Ynt1 — ynll — 0 WD n — 0o
us

Tntl — Tn = Ap(V — ) + (1 — an — by)(Sntn — z5)
LWi1:ﬂ:ﬁﬂ

|Sntn — zpn]| — 0 iiof oo (3.2.12)
AR Tz RGN limpy o0 |20 — wnl| = 0 ANNUNT 2.5.1(3) MlAlan

llun — %2 = |17 20 — T z* | < (Tr 2n — T 2%, 2 — z*)

* 1 * *
= (Uup — 2,2, —2*) = 5{““71 -z “2 +zn — = ”2 —|lzn — un”2}

lun — 2*(|* < llzn = 2*)|% = ||z — un® (3.2.13)
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v
o

NNUNAI 2.5.3 aums (3.2.1) uar (3.2.13) Juwald

IZn 11 = 211 < anflv — 2* |17 + balln = 212 + (1 = an — ba)l[tn — 2* |12
< anflo = 2| + ballzn — 2> + (1 = an — bp)|[un — z*|?
< @nllv - 33*”2 + bnllzn — 2|12

+ (1~ an = bn)[llzn ~ &*|* = |[zn — un|?]

< anllv = 2*|? + |z — 2°)2 — (1 = an ~ ba)l|z — up
Wuwals

(1= an —bn){lzn — un“2 < apllv — z*|* + lzn — 2*||* - [Tn1 — 37*”2

< anfv—2*® + (|2n = 2°[ + [2nt1 = 2D ]|Tns1 — zall
nndeuly (CI) (C2) wazaums (3.2.11) My

lim ||z, — u,| =0 (3.2.14)
n—00

-

({Wp3I9n
|Sntn — Un|| < ||Sntn — Tn |l Tl = Un |

UazINANAT (3.2.12) (3.2.14) virleflean
lim [|Spt, —unl =0 (3.2.15)
n—oo

Aellezuansdn || Ay, — Ay*| — 0 uaz || Buy — Be*| — 0 tile n — co 1Inaums (3.2.1)

< 1
WIAUN

lZns1 = 21 < anllv — 2 + bnllzn — &*|2 + (1 — ay — bp)|[tn — =¥
S anlv— ¥ +bllwn — 22 + (1 - an = by)flyn — 3|
< agljv - 5’7*”2 + bnllzn — x*”2

+ (1= = bn)||(un = pBun) — (z* — pBaz*)|?
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< anllv — ¥ + balzn — 2|
+(1=an—"bp) [||un —z*|? - 2u{un — z*, Bu, — Bz*)
+ 4?|| Bun, — Bz*||]

< anllv = z*|)? + bnllzn — =¥
+ (1 = an — ba) [lun — 2*[|* + 2pc’ || Bun — Bz*||?
—2ud ||lun, — 2*|? + 42| Bu, — Bz*|?]

< agllv = z*|° + bz — 2*||?
+(1-ap,—by) [Hxn — :r"”2

‘ 2ud’ 1
+ (Quc + p? — £—2)I|Bun — Bz*||?]
B

< anflv — *|? + ||z —2*|?
. 2ud .
+ (1= an —bp)(2uc +p4® - —E/lz—)llBun — Bz*||?
B
uas

21 = 27 < anllv — 2*[* + ballzn — 2*]% + (1 = an — ba) [[tn — =*||?

= anflv — 2*[|* + bullzn — 2*|I?

+ (L= an — )| Po(yn — AMyn) — Po(y* — AAy")|I?
< anllv - 1'*”2 + bn|lzn — :I:*||2

+ (1= an — bn)l[(vn — Myn) = (v* = Ay")|?
< anllv - x*HQ + b llzn — x*||2

+(1=-ap—by) [Ha:n — 2|2

2

A |
+ (2hc + 2% = =) | Ayn — Ay 7]
A

< anfv — =P+ [z — =¥
22d i
+ (1 —an—br)@2Ac+ A2 — L—2)1|Ayn — Ay*)|?
A
(WS 1ZRUY
, 2ud .
— (1= an = ba)(2uc + = S5 | Bun — Ba’ |’
B
< anllv — ¥ + (Jon — 2| + | Tn+1 — ) |Tnt1 — znl)
wae
22d
- (1 —Qn — bn)(Q)\C + 22— L—z)”Ayn - Ay*HQ

A

< anllv =27 + (lzn — 2"l + ons1 — 2" Dllznss — zal
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nnaus 3.2.11) wazdeuly () (€2) MiAlan
lAyn — Ay*[| = 0 uaz ||Bu, — Bz*|— 0 o n — oo (3.2.16)

ARG [[Satn — tall — 0 1D n — oo DINAUAS (2.5.1) wazWansy I — uB
Wuiadsuuuyliveny o214

Iy ~ y*1I* = || Po(un — uBuy) - Po(z* — uBa*)|?
< A{(un = pBuy) — (% = uBz*), yn — y*)
L - 1) = = B + 17
= [ (un — uBus) — (z* — uBz*) — (yn, — y)%]
< 5 lhun = 29+ e =977 =~ ) — (i — )12
+21{(un = 2") = (ya = y*), Bun ~ Bz*) — i%| Bun, — Ba*||?]
waznnaums (3.2.1) vl
lym =~ 4117 < flun — 22 — [(un — 2*) — (g — v
+2p((un — %) = (ya ~ y*), Bun — Bz*) — *|| Buy, — Bz*|?
< zn — 2|2 = (un — 2%) = (v — )|
+2u{(un — 2*) = (yn ~ ¥*), Bup — Bz*) — 4| Bu,, — Bz*|/?
Fariy
IZns1 = 2*I° < anflv — 22 + b, ||2a = 2|+ (1 — an — ba)llyn — ¥
S anllv = 2| + balln — 2 + (1 — an — ba)[[lzn — z*|2
= [[(un —2*) = (yn —y*)|?
+ 2u((un ~ 2%) = (yn = ¢*), Bun — Ba*) = (12| Buy, — Ba*||?]
< apllv - x*”2 + llzn — 5’7*”2
— (= an = bn)[l(un —2*) — (y — "))
+(1=an- bn)2u| (un — z*) = (yn —- y*)”“Bun — Bz*||

Fuiuwald

(1~ an = bp)ll(un ~2*) = (yn — y")|?
< anllv =& |* + (1~ an — ba)2ul|(un — 2*) ~ (yo — y*)|||| Bun — Bz*|

+ (lzn — 2| + 21 = 2*)|zns1 — 22|
Tnodouly (CI) aums (3.2.11) uas (3.2.16) mAlan
[(un —2*) = (yn — )| — 0 il n— 00 (3.2.17)
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PNVNAT 2.5.6 wazauns (2.5.2) a2l

l(n = ta) + (2" = y")I° = [|(yn — Aym) — (¥* — Ay”)
— [Po(yn = Myz) — Po(y* — My*)] + MAyn — Ay")|?
< (yn = Ayn) — (y" — AY") = [Pe(yn — Muyn) — Po(y* — Ay*)] |2
+2XMAyn — AY", (Yo — ta) + (" — y*))
< Nl(yn — AMyn) = (¥* = AAY)|? — | Po(yn — AMyn) — Po(y* — AAy*)|?
+ 2X| Ay — Ay* [ (v — ta) + (&~ 37)]|
< (n — AMyn) = (¥* = AAY)? = |1SnPe(yn — AMyn) — SnPo(y* — AMy™) |
+2M|Ayn — Ay [[l|(yn — ta) + (z* — )|
< My — AMyn) — (v* — AAyY)
~ (Satn = =) [{yn — AAyn) — (¥ — MY + [|Sntn — z7(]]
+ 2M[Ayn — Ay [l (g — ta) + (=" = y)||
= [|ttn — Sntn + 2* — y* — (un — yn)
= MAyn ~ Ay )| [ (yn — AMyn) = (¥* — AAY*)|| + || Sntn — 2]
+ 2MAyn — AY*|[[[(yn — ta) + (=7 — ) ||
TaBaums (3.2.15) (3.2.17) uaz (3.2.06) 1Wunal || (yn —tn) +(z* —3*) || — 0 tile n — oo
UAZRINANNTT (3.2.12) (3.2.14) uar (3.2.17) Wuwal¥d
1Sntn — tall < [[Sntn — zall + [[€n =unll + | (un = yn) — (z* — y*)]
+ Hyn —ta) + (* =9y —=0 o n— oo (3.2.18)
soldazuanai

limsup(v — Z,z, —7) <0
n—oo
lf;ﬂ T = Pqu
tfiminﬂa’w'fu {tn} waz {Sut,} dvouwnuu C @unsaidenainudoy {tn;} VO {t,.}
Wi ¢, — 2z € C uay
limsup{v — Z, Spt, — T) = lim (v — T, Sp,tp, — T)
00 i—00
idleann limp 00 || Sntn — tafl = 0 Favh Spitn, = 2 iie i — oo
Aeldvzuanan z e Q
(@) Guusnazuansi z NY, F(Ty) '
auyAn oY — o € (0,1) uaz oV - off € (0,1] Wie n — oo dmSuusRL j €
{1,2,...,N -1} uaz "]—»aJE[OI ) o n — oo dM3Y j =1,2,...,N fmuald
S Ju S'Ndﬂ‘n‘u Arudialag Ty, Tp,..., Ty W02 ay,az,...,aN ma a; = (a{,ag,ag)
MU =1,2,..., N 11nunaa 2.5.8 m‘lﬁ"lmw 1St — Stal] — 0 tilo 7 — oo tilpa91n

”Stn - tn” < ”Stn - Sntn“ + “Sntn - tn”
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wazlagaums (3.2.18) 9218 ||St, — ta]| — 0 I.fllﬂun — 00 5
{09910 tn, — 2 Uaz ||St, — ta] — 0 Tavunia 2.5.5 wazumds 2.5.7 ¥H1EN 2 ¢
F(8) =L, F(T)
() deldazuanad z € GVI(C, A, B)
(Ho391n

llt, — Zn|| < ||Snty — toll + {[Sntn — Tn||

(%
e

v 4 ¥
VNAUMT (3.2.18) war (3.2.12) 21N [t — 4] — 0 1o 7 — oo uBAIANT TnsLNE
2.5.10 159 G : € — ¢ Juarduuwunbivens Funaly
”tn - G(tn)” = ”PC(yn r /\Ayn) =T G(tn)”
= ||Pc[P(un — uBun) — MAP(un = pBuy)] — G(ts)|
= |G (un) = Gtn)ll < flun = ta]]
< lun = zall + llzn — ta]]
FNIAIEN )6, — G(t0)] — 0 110 7 — 0o wazaNUNG? 2.5.5 21897 2 € GVI(C, A, B)
© Aollszuanidr 2 € MEP(F, @) dloanin ¢, — = uas |z, — tall = 0 (Huwald
Tn, = 2 VN |ty — z4]| — 0 WAL w,, — 2 Tnonsl¥inaliamsigaliderdudv 26,
nguiun 3.1 win 1825] 22169 2 € MEP(F, o) ws1:aiiu 2 € 0
VNANNTS (2.5.3) UAL Spytn, — 2 110 i — oo (Tuwald

limsup(v — Z, 2, — T) = limsup(v — T, S,t, — 7) = lim (v — 7, Sp,ty, — )
n—00 n—00 1—00

=(v-7,2-7) <0 (3.2.19)

|l$n+1 - 5”2 = <an'U + bnTn + (1 —QGp — bn)Sntn ~Z,Tpy1 — i‘)
=0n(V~T,Tng1 — ) + bnTn — T, Tpy1 — T)
+ (1~ an — bp){(Sptn — T, Tny1 — z)
1 _
Sanf{u— 7,201 — ) + g0n(llzn — Z|* + lznsr — Z|?)
1 _ _
+ 5 (= an = bn)(Itn = Z)* + [|@ni1 — Z)
1
S (v = F, @41 = B+ sbu(lon — 2| + l|zns — 7)?)
1 12 2
+ 5(1 —an ~b)(flzn — Z||* + [|[zn1 — z|[%)
1 —
= an(V — T, Tny — z) + 5(1 = an)(l|lzn - f”2 + [|Tns1 — 513”2)
Fafunali
len+1 =2 < (1- an)llzn — Z[* + 2an({v — T, Tny1 — T)

v
o

HAZINUNAR 2.5.2 wazaums (3.2.19) Wuwald {z,.} qhuvuidag z O
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& 4 = B lunguiiun 2.2.2 udrelfumunsniideydail

wnunsn 3.2.3. W C dwwadesila pound wazluiduwninvea/sgidadin H
Amuali P iuitidsuen ¢ x ¢ et R fiaeandaeiuGouly (An<AS) uas ¢ :
C — RUU{+oo} (Turarids proper lower semicontinuous uazWansunauIng Amualn
A: C — H (Juiafdu L 4-Lipschitzian ua: relaxed (c,d)-cocoercive auyd {T;}N,
undvinavesiensuuyyliverouu C nnﬂw Q=nNY 1F(T)ﬂ<1> (N MEP(F,y) #
@ dmsuunia: j e {1,2,...,N} T ol” = (o7, 057, 057) ddio o}, o570 € [0,1],
o+ kol =1, {al’]}~ C [71,61) F1 0 < m < 6, <1, {a"’N} C
v, 1), 0 < v < 1 war {og?} ) {of? ¥, € [0,0] F90 < 6y <1 Amuald
S, (T S-wATh dneruiialay T, T,... Ty ta: ooV, ... o auydidouly
(B1) m5a (B2) (fluese Amuald v waz z, (Wwamwmasiaglu C uas {x,}, {un}, {yn}
duadviimmualag

F(uruy) + cp(y) - ‘10(“11) Bl ?{:(y — Un, Up — IL‘n) > 07 Vy S C’
Yn = Polun — pAuy),
Tpil = ApU + brxn + (1 — ap — bn)SnPC(yn i )\Ayn); n>1,

o 0 < A p < 3(—‘1%5& 87 {ra} {an} {ba} wa: {07}, (udrdyidauamioulu

noyAuUnN 3.2.2 uds {zo} vegiiuyudug z = Pov oz (z,7) (Junamagvaslymn
(2.4.2) ilo § = Po(T — pAT)

MN=1 T S =0 uazr of' af' = 0 Vo e N lungufun 3.2.2

V¥ 9/ ‘ﬂ‘
whHvsununsnitdidigail

cII

wnunsn 3.24. 1 C (Jwadasila aauwand uasliidwaiivenlspddadisa H
mmuald F fuirisunn OxC Wi R ideandaesvdouly (An)<As) W A:C -
H (Tuadsu L p-Lipschitzian 4@ relaxed (c,d)-cocoercive uazamuald B:C — H
lularisu Lg-Lipschitzian uaz relaxed (c,d )-cocoercive ﬂm;lﬁ S iluieAsuuyyli

vorevn C Ml Q = F(S)\GVI(C,A,B)\EP(F) £ @ rdmuald v ua: z
Wuamnesla 9l C ua: {2}, {un), {vn} Huardvinmualag

F(un:y) + %(y — Up, Un — xn) >0, Vy S Ca
Yn = PC'(un - /J.B’U,n),
Tntl = @pV + bpn + (1 — an — 0p)SPo(yn — AMuyn), n>1

&1 A pouaz {rp}, {an), {0} dusrevidanamidoulungujun 3.2.2 4d1 {z,}
vegiiuymdug = € Pou uas (z,y) (Hunamagvestfym (2.4.1) Wio § = Po(z—-pB7)

& P! v v
33 ﬂ151.]§$8£ﬂﬁ1’lt]‘ﬂ§]‘lj‘ﬂﬂ”ligt“lﬂ

¥y ; . ¥
Wemiifumsiscyndngquiun 3.2.2 Sldnquiunidrdgyavie i
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nauun 3.3.1. B B (fufSpldaidise uaz F (uiadsunn HxH et R haeandos

Audouly (A1-AS) Amuali o : H — RU{+o0} (Tuwsris lower semicontin-

wous uaswWarisuneuand W A - H — H fluWad%u L 4-Lipschitzian ua: relaxed

(c, d)-cocoercive auyd {T;}Y, (Tundvisavesiedsuuvyiverevy H dmbi Q =

NN, F(T)NA 1()(]MEP(F DEAY amﬁmﬂm je{2,...,N}

771(1 - = (a]7, 057, a3y o o7 al? o € [0,1], al’]+a2’3+a 7 =1, {al’J} e

[m, 61] ‘5’9\7 0<m <6 <1, {dPV}C nn, 1), 0< N < 1 uas {3’ ;Vl,{a:;’J ;VI C

[0, 65) 10 <0, <1 mmualiy Sa il Sy Fnesuiialng Ty, Ty, ... Ty 4oz
o™ o™ ol auydideuly B1) wie B2) iluvse

Amuali v oz = (Jucnwmeslngly C uas {oa}, {un), {ya} (Tuddviinmualay

Flun,y) + ¢(y) — o(tn) + 2y = Un,un = o) >0, Vy € H,
Yn = Un — AAUy,
Tnyl = @V + bpy + (1 — Qn — bn)sn(yn i )\Ayn)a n>1

{ 2/ { i ! <
o 0< A< (L‘;EA— 3oulyde I iuduase

(C1) limy, o an =0 Ua 3y 7 an = 00;
(C2) 0 < liminf,_o0 by < limsup, o, bn < 1;
(C3) liminf, ooy, >0 A2 limy,_ o0 |Ppe1 — 70| = 0;
(C4) limp_oo |} — o = 0 dmsyusias i € {1,2,..., N} uas
limapc0 |a"+1’] oy’ =0 usaz j € {2,3,...,N}
Uy {z,} vguiuyuidng z = Pou

< « 2/ ¥t 44’ ]

Agen. Wi A= C = H B=Aua: Py =T9wldn A-10 = VI(H, 4) lunsdlfiezifiuh
am (2.4.1) = oy (2.4.2) & VI(4, H)

Wumsigaweiezuanaiioy (2.4.2) = VI(A4, H) auyiil (z*,y*) € H x H #inl

(My* +z*—y*,z2—2*) >0, Vze H
(AMz* +y* —z*,2—y*) >0, Ve € H

z* = Py(y* — My*)
y* = Py(z* — AAz*)
HUAD

=yt - My (3.3.1)
y* = z* — AAz*

aollozuanain z* = y* wndiudl & 2* £ v* nnaums G3.3.0) NFE Az £ 0



Ay* # 0 war Az* + Ay* = 0 uaznaums (3.3.1) anase w218

lz* —y*I? = lI(y* — =*) — MAy* — Az*)||?
= ly* —2*|* + X*| Ay* — Az*|?
= 2X\y* —z*, Ay* — Az*)
<y —2*)? + N Ay* — Az*||?
= 2A[—cllAy" - Az*|)? + dlly* - =*|]?]
= lly* —2*|1> + A*|| Ay* — Az*|?
+ 2Xc||Ay* — Az*||? - 20d|ly* — =* |2
< ly* = 2**+ X LAlly" - =2
+2XcLifly* = z*|? - 2xd]ly* — 2|2
= (1+ 2XcL? = 20d + A2L2)|ly* = z*|f?

<ly* - z*|?
Fadul il sy o = v Wuwaliifym 2.4.2) = vi(4, B) Fohulaungquium
3.2.2 ﬂuwa‘lﬁ%ﬂquavmﬂuiﬁa O

ﬂa"lﬂ%"‘lnumuwmﬂfy‘ummuﬂﬂtym (resolvent) ‘uaaﬁan‘numqmm B:H - 2H
Farmuadail JB = (I +rB)=! dmiuudaz r > 0 wasflufinsrwiuii F(JB) =B
war J2 JuWarsuuuuhivers ilildmguiuniidvg sl

nwiun 3.3.2. I B dlu5pidaiiisa ua: F fluifadsimn o x B Tés R
waaﬂﬂamnywau'i‘y (AD~AS) Amuald ¢+ H = R {J{+o0} (TuWarAsi lower semi-
continuous UazWarisupouINg W A: H — H (Tuwad s L ,-Lipschitzian 4az relaxed
(¢,d)-cocoercive uasmmualyi B1,By,...,By : H — 28 ({JluWsdvy maximal mono-
tone AIY Q = ML, BIONATWNMEP(F,¢) # @ dmsuudaz i € {1,2,...,N)
uaz r; >0 WY JE zﬁumumﬁymwm B; dmivudiaz j € {1,2,...,N} T o™ =
(Oq'J,Oéz 7013J) IJJB 011’],042 & ’J € [0,1], al’]"'a ’J+a T=1, {al’]}] 1 Cm, 6]
0 < M < 01 < 1, {oP"} C [ow, 1), 0. < ny < 1 was {a3? évl,{a3’3 K, c
[0, 6] 10 <0y <1 mmuali S, i S-Wadsu finamuiinlay T, Ty, ..., Tn Uaz
oo, .o\ auydideuly B1) vie B2) dusi
mmm?n v taz oy iuonmesla 9y © uas {z,}, {un}, {yn} (Tua1dviigmualag

F(un, y) + () — ¢(un) + 72(y — tin, un — z0) 20, Vy € H,
Yn = Un — AAug,
Tn+1 = AV + bpzy, + (1 — Qn — bn)Sn(yn - /\Ayn)’ nzl1,

{ { 12 J’ -
o 0< A < M‘L auioulydoh/iuiduesa

(C1) limp_,0o an =0 uaz y 2,
(C2) 0 < liminf,_ o0 by < limsup,,_,o, bn < 1;
(C3) liminf oo 7 > 0 U8 limp oo [Tyt — rn| =0;

Ay = 00,
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(C4) limp—oo loP T — o™| = 0 dm5uudaz i c {1,2,...,N} uaz
limpoo [0 7 — 37| = 0 wdlaz j € {2,3,..., N}

b4 LR 74 } 74 7

uas {zn} v:giimymdug = = Py

Agodl. dmsuusas i = 1,2,..., N uaz r; > 0 921N F(JB)=B10 W Py = I uaz
T; = J7 dmsvunas i =1,2,..., N Taonguiun 330 Juldmquiundussa 0
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suflgnisms v il¥Anmnmslszinasmsamassmeatigmaasmweeds
saypllveseaumsmsulsidy wasifgmenndasuvenadsiauesieiFunuyhivers
Tnuimuaszidouisvhaail
W ¢ Huadestla aounngduazhiusaiiavesisniidadsa 7 Amualdnnnes
v uaz z; € C uazaiamay {u,}, {v.} uaz {z,} oy

F(un,y) + o(y) — (Un) + 7=(y — Un, Un — Tn) 20, VyeC,
Yn = PC(un - ,U‘Bun)>
Tnt1 = Ap¥ + bpzpn + (1 — Qan — bn)SnPC(yn - /\Ayn), n>1,

falng 70, Ty,..., Tv wa: o™, 0, .0l A waz o
{ra} tHudauluge (0,00) uar {an} {ba} Hudrvy

e S, 1Ju s-Warddu Wine
Wuasadnussafiunaniigy
Tus4 [0, 1]

1
¢
i

4.2 aylwamaive

Qv Aldu

Tnsams3veil diaguszmdiddgyssmsnils Ao msaranquiunnisgidniues
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msulsiu uaz YymaanSnvensdidavesradduuuubives lul3giigadse
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Uned 1. fmuald B : ¢ — H (JuWandu L-Lipschitzian uaz relaxed (¢ ,d )-cocoercive

v 12 1Y < '
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1MsITe msdsnasimeamasHinvesifymaasnivwey sruuialdvesedums
msudsiu way fftumimmqsamanqﬂmﬂmmﬂmwuuu"lmmU‘luﬂinuaamsﬂ
wuhsneuisfatadu "lﬂamnumJwuawaLaaUsm‘umﬂmmmnmﬂﬂaﬂﬂauﬂ‘ﬁﬁﬁﬁm
fail
naufun 2. W ¢ Duadesla rounnd warliifuwaiwenlsgfidaiiia o
mmuald F o Juiliddunin ¢ x ¢ Wi R figeandesiudenly (A1)-(AS5) uas ¢ :
C — RU{+oo} tJuwWariu proper lower semicontinuous wazwafduneuiing mnualsd
A:C — H JuWaddu L,- Lipschitzian Ua< relaxed (c,d)-cocoercive War B : C — H
AluWaf$u Lp-Lipschitzian uaz relaxed (¢, d')-cocoercive aund {T:}Y, ifhnadsriaves
Wadsuuunlvensvy ¢ fviid @ = NY, F(T)NGVI(C, A B) (\MEP(F,¢) # @
dwmsuudaz j e {1,2,..., N} I ol = (al*’ ol o) (ilo ol ol o™ e 0,1,
ol 4oyl 4ol =1, {(;»/f’j}N_1 C [m,61] %9 0 <m <6 <1, {aP} C [nw, 1),
0 <y <1 uas {ap?}, {af?}, C [0,6,) §10 < 6, < 1 mvual¥ S, 1 s
Hak¥u Ademidialas Ty, Ty, . .. Ty uas a ™ oMol auyddenly B1) vie (B2)
WuaSarmuald v uaz o, Lﬂullﬂlﬂa'ﬂﬂ q‘lu C 1oz {n}, {un}, {ya} Hudrdudifinualag

Flun,y) +o(y) — @(un) + %(y = Un, U — Tpn) 20, VyeC,
Yn = Po(un — pBuy),
Tnt1l = Q¥ + bpZy + (1 — ap — bp)Sp Po(yn — AMyy), n>1

d-—-cL

dio 0< A< —(—Q—L Uas 0 < p < ﬂ—_;’—%—) fudorlvdolUiliTuesa
(C1) limp oo an =0 uwax > 07,
(C2) 0 < liminf, o by < limsup,, ., b < 1;
(C3) liminf,, oo Tn > 0 WAL limy oo [Fry1 — 70| = O;
(C4) limpoo [T — | = 0 dMSUUAAL i € {1,2,..., N} uaz
limy oo jaf T — a3’ =0 udaz j € {2,3,...,N} '
U8 {zn} thuum‘umj Z = Pov wa: (z,7) Lﬂuwataaﬂ‘uaaﬂmm (2.4.1) Wo § =
Pc (T — uBT)

CLn—OO,

vaunsa 3. 10 ¢ Juwadosila aeunnd waslifuwaiwenlsgiisaiise o
mmuald F o duilaidsunn € x ¢ Wi R faenadestudouly (A1)-(A5) uaz o
C — R{{+oo} (Husrdu proper lower semicontinuous wazwafddunsung mvuals
A: C — H Hulandy L 4-Lipschitzian Uaz relaxed (c,d)-cocoercive anyd {T;}Y,
duraddiaves
Hadsuuunlverswy ¢ iy = ﬂ1 1F(T)ﬂ<1> NMEP(F,p) # @ dmiuusaz
je{2,...,N} ¥ a(n) = (()zl’J ap?, o) e o, afd e’ € [0,1], o + ol +
a5? =1, {o?})5" C [m, 6] F10<m <o <1, {o?"™} C I, 10, 0 < v < 1 ude
{7}V {37, C [0,69] 390 <6, <1 fmuald 5, Ty s-ilardsy fiderudialae
T\, T,..., Tw waz of™, oY, i mmAdewly 1) vie B2) {usse mmuald o
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war z; Wunaweslaqlu € was {z.}, {ua}, {ve} Hudrduiidmualay

F(un:y) + SD(?/) - W(un) + %(y - Un, Un — xn) >0, Vye C,
Yn = PC(un — ﬂAun)a
Tpil = GuU + bnzn + (1 — Qn — bn)SnPC(yn - /\Ayn), n>1,

o 0< A\ u < L‘jﬁL §1 {ra} {an} {bn} uaz {o7}Y, WudAviflanifmilouly

NOURUN 3.2.2 um {2z} wgihwuudng 7 = Pov uar (z,7) Wunamagveaifym
(2.4.2) \{lo § = Po(z — pAz) '

vennnii3duldsgndmguiun 2 viesanasimandnguduoalfaidu relaxed
(¢, d)-cocoercive Waran1FngudupIWaidu maximal monotone ualdnguiuniday
Faro il
nauivm 4. W H Huligisaidda waz £ duiladiunn Bxx 16 R Jedeandesty
ﬁ;au"l‘u (AD-(AS) Amuald v : H - RUU{+o0} (JuwWari$u lower semicontinuous
wazHantuaounnd ¥ A - H — H ({Wuiladsu L4-Lipschitzian uaz relaxed (c,d)-
cocoercive auyA {7}V | hnadidavesifadduuuyldverwuu B vl
Q=nNY L F(T)NATONMEP(F, ) # 0 dwiuudar j € {1,2,...,N} W o™ =
(a7, ey, o) e a7 oy ol € 10,1], o 4o ol = 1, {a’f’j};v:_ll C [m, 61) 4
0<m <6 <1, {aP"} Chw, 1], 0 <y < 1Uaz {aBI}Y {al}Y | C [0,6,) Fa0 <
8, < 1 fmual¥t S, {lu s-iladsu fiderudialas 70, T, ..., T waz o™ 0, ..., o
augﬁt‘éau"l‘u B1) vise B2) Juass dAmuald v war z tﬂunﬂma%‘lﬂ Ty ¢ uaz

{za}, {un}, {vn} Hudrduiimuunlag

F(unyy) +9(y) — ¢(Un) + 7(y = Un, tn — Tn) >0, Vy€ H,
Yn = Up — Aug,,
Tl = QpV + by + (1 —Qn — bn)Sn(yn - /\Ayn), n>1

q { 1 A’ -
Wo 0< A < M‘L fdeulvre T uesa

(ChH limy, o an =0uar 3 7,
(C2) 0 < liminf, oo by < limsup,_,., bn < 1;
(C3) liminf,, .00 7 > 0 WAL limp oo |Tny1 — 7| =0
(C4) limp oo | — | = 0 dMSuuse: i € {1,2,..., N} uaz
limy oo |a"“’1 ap?| =0 udaz j € {2,3,...,N}
ud {z,} wginuvudng = Pov

Ap = 00}

nguium 5. W B (dusgisadsa ua: F dudaddunn B x H Wi R Seaoandoady
ﬁ'au"l‘u (A1)-(A5) mmuali w : H — RY{+o0} {Wuwar$u lower semicontinuous
wasWerddunounnt W A4 : H — H (Juiarddu L,-Lipschitzian Uz relaxed (c,d)-
cocoercive {asAuAly Bi,B,,...,By : H — 2 (Huian i maximal monotone v 1H
Q=NN, B 0N A0 MEP(F,¢) £ @ dwmiuusaz i € {1,2,. . N} uaz i >0 W
JB dududifoymives B; dmivudas j e {1,2,..., N} W ol = (a1 Lo o) ila
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o, apd a3 € [0, 1], o™ +apl ol =1, {a;"j}N"1 C [771,91] FI0<m <6 <1,
{o?™N} C Iyw, 1), 0 < v < 1 udz {7 N A3, C[0,69] #10 <6, < 1 fmuald
S, dlu s-iladsy fidermdlelas 71,7y, Ty ua: o™ o, ol mng@deuly

B1) n3a B2) Wuess Amuald v war 2, Hunmwmeslaqly ¢ uar {z.}, {un}, {yn}
Hudwuiidmunalag

E(un, y) + 0(y) = o(un) + ;:5(y — tn, un —24) >0, Vy € H,

Yn = Un — /\Aunv
Tpi1 = apU + bpx, + (1 — Qp — bn)Sn(yn — )\Ayn)) n>1,

o 0< A < (Liﬁﬂ- Srdeuludellifiduess
C1) limy,_o an =0 uaz 377 ap = oo;
(C2) 0 < liminf,, o b, < lim SUPp oo bn < 1;
(C3) liminf, oo 7 > 0 UAY limp o0 [Try1 — 7] = 0;
(C4) im0 a1 — % = 0 dMVuAar i € {1,2,..., N} uas
limy, o o™ — a3 = 0 sz j € {2,3,..., N}
wi {z,} wgeiuvudug z = Py
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Smvendfavesiladtuuuyhivevhinligiidaidin Tnvs:derisnmaildlumsinm
fifunoumsadiadail
W ¢ Wundesila asunnduarliifuisaihawenSaidadsn B frmualiinnnes
v UBY z; € C Uazdsaay {u,}, {ya} was {z.} v

Fun,y) + @(y) — ¢(ttn) + 5=y — tin, tn — z) 20, Vy € C,
Yn = Fo(un — pBuy),
Tpyl = apt + bna:n + (1 — On&§ bn)SnPC(yn = /\Ayn)s n=>1,

(ito S, dhu s-iladsu Adedudialay T, Ty, .. Ty uas o™, ol ol dmdy A waz
p Whimesdunualaiinnniigud {rm} Sudmdvlugan (0,00) war {an} {6} Hudrey
s [0, 1] WonnaldRguinawy {z,} Waihuvudugnamassauveaiigm
aaumwran ssuuia hlvoseaumamsulsiy wazifgmyandesanvenadsifaveailaisu
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Abstract

In this paper, we introduce a new iterative method for finding a com-
mon element of the set of solutions of a general system of variational
inequalities, the set of solutions of a mixed equilibrium problem and the
set of common fixed points of a finite family of nonexpansive mappings
in a real Hilbert space. Furthermore, we prove that the studied itera-
tive method converges strongly to a common element of these three sets.
Consequently, we apply our main result to the problem of approximat-
ing a zero of a finite family of maximal monotone mappings in Hilbert
spaces. The theorems presented in this paper, improve and extend the
corresponding results of Takahashi and Toyoda [18] and many others.

Mathematics Subject Classification: 47H10, 49J40), 47HO05, 47THO9,
46B20

Keywords: Nonexpansive mapping; A general system of variational in-
equalities; Mixed equilibrium problem; Demi-closedness principle

1 Introduction

Let H be a real Hilbert space with inner product (.,.) and C be a nonempty
closed convex subset of H. A mapping T : C — C is said to be nNONEeTPAnsive
mapping if [Tz — Ty|| < ||z — y|| for all 2,y € C. The fixed point set of T is
denoted by F(T') := {z € C : Tz = z}.

For a given nonlinear operator A : C — H, we consider the following
variational inequality problem of finding z* € C such that

(Az*, 2 —2*) >0, Vz eC. (1.1)
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The set of solutions of the variational inequality (1.1) is denoted by VI(C, A).
Variational inequality theory has emerged as an important tool in studying a
wide class of obstacle, unilateral, free, moving, equilibrium problems arising in
several branches of pure and applied sciences in a unified and general frame-
work. The variational inequality problem has been extensively studied in the
literature, see, for example, Piri (13], Qin et al. [15], Shehu (16], Wangkeeree
and Preechasilp [21], Yao et al. [23], Yao et al. [25] and the references therein.

For solving the variational inequality problem in the finite-dimensional Eu-
clidean space R" under the assumption that a set ¢ C R" is closed and con-
vex, a mapping A of C into R™ is monotone and k-Lipschitz-continuous and
VI(C, A) is nonempty, Korpelevich [9] introduced the following so-called ex-
tragradient method:

o=z € C,
Yn = PC(xn - /\Arcn),
Tny1 = PC(xn - )\Ayn);

for every n = 0,1,2,..., where )\ ¢ (0,1/k) and Po is the projection of
R™ onto C. He showed that the sequences {zn} and {y,} generated by this
iterative process converge to the same point z € VI(C,A). Later on, the
idea of Korpelevich was generalized and extended by many authors, see e.g.
4, 8, 13, 15, 16, 21, 23] for finding a common element of the set of fixed points

and the set of solutions of the variational inequality.
Let A, B : C — H be two mappings. In 2008, Ceng et al. [1] considered
the following problem of finding (z*,y*) € C' x C such that
{ (My* +2* —y*,z—2) >0, VzeC, (1.2)
(uBx* +y* —z*, 2 —y*) >0, Vz € C, ’

which is called a general system of variational inequalities (in short, GSVI),
where A and y are positive numbers. In particular, if A = B, problem GSVI
(1.2) reduces to find (z*,4*) € C' x G such that
(/\Ay* +zt — y*,z — .’L‘*> >0, Vze C, (1 3)
(MAT* +y* — 2" 2 —¢*) >0, Yz €C, ’

which is defined by Verma [19], and is called the new system of variational
inequalities. The set of solutions of GSVI (1.3) is denoted by ®. Further,
if we add up the requirement that z* = y*, then problem (1.3) reduces to
the classical variational inequality VI(C, A). Ceng et al. (1] introduced and
studied a relaxed extragradient method for finding a common element of the set
of solutions of problem GSVI (1.2) for the o and B-inverse-strongly monotone
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mappings and the set of fixed points of a nonexpansive mapping in a real
Hilbert space. Let z; = v € C and {z,}, {yn} are given by

Yn = PC(xn - ,Uan))
Tnt1 = @V + by, + (1 — @, — bn)SPc(yn — AMyy), n>1,

where A € (0,2a),1 € (0,28) and {a,}, {bn} C [0,1]. Then, they proved
that the sequence {z,} converges strongly to a common element of the set of
fixed points of a nonexpansive mapping and the set of solutions of problem
GSVI (1.2) under some control conditions. Some related works, we refer to see
2, 5, 8, 10, 20, 24].

Recently, in 2012, Ceng et al. [2] considered an iterative method for the
system of GSVT (1.2) and obtained a strong convergence theorem for the two
different systems of GSVI (1.2) and the set of fixed points of a strict pseudo-
contraction mapping in a real Hilbert space.

Let ¢ : C — R|J{+00} be a proper extended real-valued function and F
be a bifunction from C x C to R, where R is the set of real numbers. Ceng and
Yao [3] considered the following mixed equilibrium problem (in short, MEP):

Find z € C such that F(z,y) + o(y) > o(z), Vye C. (1.4)

The set of solution of MEP (1.4) is denoted by MEP(F, ). 1t is easy to see
that z is a solution of MEP (1.4) implies that z € domy = {z € C | p(z) <
+00}.

If ¢ = 0, then the MEP (1.4) becomes the following equilibrium problem:

Find z € C such that F(z,y) >0, VyeC. (1.5)

The set of solution of (1.5) is denoted by EP(F).
If F =0, then the MEP (1.4) reduces to the convex minimization problem:

Find z € C such that ¢(y) > ¢(z), Wy e C.

If o =0and F(z,y) = (Az,y — z) for all T,y € C, where A is a mapping
from C into H, then MEP (1.4) reduces to the classical variational inequality
and EP(F) = VI(C, A). For solving problem MEP (1.4), Ceng and Yao (3]
introduced a hybrid iterative scheme for finding a common element of the set
MEP(F, ) and the set of common fixed points of finite many nonexpansive
mappings in a Hilbert space. Some related works, we refer to see [8, 16, 20, 23).

Motivated and inspired by the works in the literature, in this paper, we
introduce a general iterative method for finding a common element of the set of
solutions of a general system of variational inequalities, the set of solutions of a
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mixed equilibrium problem and the set of common fixed points of a finite family
of nonexpansive mappings in a real Hilbert space. Furthermore, we prove
that the studied iterative method converges strongly to a common element
of these three sets. Consequently, we apply our main result to the problem
of approximating a zero of a finite family of maximal monotone mappings in
Hilbert spaces. The theorems presented in this paper, improve and extend the
corresponding results of Takahashi and Toyoda [18] and many others.

2 Preliminaries

In this section, we recall the well known results and give some useful lem-
mas that will be used in the next section.

Let C be a nonempty closed convex subset of a real Hilbert space H. For
every point € H, there exists a unique nearest point in C, denoted by Pz,
such that

lz ~ Pez|| < |lz —y)l, VyeC.

Fc is called the metric projection of H onto C. It is well known that Ps is a
nonexpansive mapping of H onto C and satisfies

(x—y7PCx_PCy> Z “PC‘I_PCyIPa V$7y€ H (2]‘)
Obviously, this immediately implies that

Iz =) = (Poz — Pey)|I® < ||z — yl* = |Pez — Poyl?, Vz,y € H.
(2.2)

Recall that, Pox is characterized by the following properties: Poz € C and

(x — Pex,y — Pox) <0,
iz —yl1? > ||z — Pez|® + || Pox — yl|%, (2.3)

for all x € H and y € C; see Goebel and Kirk (6] for more details.
For solving the mixed equilibrium problem, let us give the following as-
sumptions for the bifunction F,  and the set C:
(Al) F(z,z) =0 for all z € C;
(A2) F is monotone, i.e. F(z,y)+ F(y,z) <0 for all z,y € C;
(A3) For each y € C, z+> F(z, y) is weakly upper semicontinuous;
(A4) For each z € C, y = F(z,y) is convex;
(A5) For each « € C, y v F(x,y) is lower semicontinuous;
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(B1) For each z € H and r > 0, there exist a bounded subset D, C C and
Yz € C such that for any 2 € C'\ D,,

F(z,y2) + ¢(yz) + %(yz ~2,2—1) < o(z).

(B2) C is a bounded set.
In the sequel we shall need to use the following lemmas.

Lemma 2.1. ([12]) Let C be a nonempty closed convex subset of H. Let F be
a bifunction from C x C to R satisfying (A1)-(A5) and let o : C — R{J{+o0}
be a proper lower semicontinuous and convez function. Assume that either
(B1) or (B2) holds. Forr > 0 and z € H, define a mapping T, : H — C as
follows.

T.(z) = {ze C’:F(z,y)+g0(y)+%(y—z,z—x) > (2), ‘v’yEC’}

for allz € H. Then the following conclusions hold:
(1) For each z € H, T.(x) # @;

(2) T, is single-valued;

(3) T, is firmly nonexpansive, i.e. for any r,y € H,

ITe(2) = TW)I* < Tz — Ty, © —y);

(4) F(T;) = MEP(F,p);
(8) MEP(F,¢) is closed and convez.

Lemma 2.2. ([22]) Assume {a,} is a sequence of nonnegative real numbers
such that
A1 < (1 - Vn)an o 671.)
where {v,} is a sequence in (0,1) and {4, } is a sequence such that
(1) Zlel Tn = OG;
(ii) imsup,, o, 6n/7n < 0 or D02, [6,] < 0.
Then lim,,_,o, a,, = 0.

Lemma 2.3. ([11]) Let (H,(,.)) be an inner product space. Then, for all
z,y,2 € H and o, 3,7 € [0,1] with o + B+~ = 1, we have

laz + By +v2|I* = allz)® + Bllyll> + 2] — aBllz — yII?
—allz — 2" = Aylly — 2I>
Lemma 2.4. ([17]) Let {z,} and {yn} be bounded sequences in a Banach space
X and let {b,} be a sequence in [0, 1] with 0 < lim inf,_o, b, < lim SUD,, 00 b <

L. Suppose Tni1 = (1-by)yn+bnzy for all integersn > 1 and limsup,,_,__(||yni1—
Ynll = 1Zn1 — zall) 0. Then, lim,_ o ||yn — 24|l = 0.
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Lemma 2.5. ([6]) Demi-closedness principle. Assume that T is a nonez-
pansive self-mapping of a nonempty closed conver subset C' of a real Hilbert
space H. If T has a fized point, then I — T is demi-closed: that s, when-
ever {z,} is a sequence in C converging weakly to some t € C (for short,
Tn =z € C), and the sequence {(I —T)z,} converges strongly to some y (for
short, (I — Tz, — y), it follows that (I — T)xz = y. Here I is the identity
operator of H.

The following lemma is an immediate consequence of an inner product.

Lemma 2.6. In a real Hilbert space H, there holds the mequality
Iz +yll* < llzll* + 2(y, z + 9), Vz,y € H.

In 2009, Kangtunyakarn and Suantai [7] introduced a new mapping called
the S-mapping. Let {T;}}\, be a finite family of nonexpansive mappings of C
into itself. For eachn € N, and j =1,2,..., N, let a§") = (7, o7 o) be
such that o1, o5, o7 € [0, 1] with o + aj”? + af? = 1. They defined the
new mapping S, : C' — C' as follows:

Un,O = I)
n,1 n,1 n,l
Un,l = TlUn,O + sy Un,O + a3 [,
n,2 n,2 n,2
Un,g = TgUml + ay Un,l + a3 I,

n,3 n,3 n,3
Un3 = T3Un,2 + ay Un,2 + oy I,

)

n,N—1 n,N—1 n,N—-1
Upn-1 = ] Tn_1Up n—2 + 0 Unn—2+ a3 dy

n,N. n,N n,N
Sn=Usn = o TnUpn-1+ a5 Up vy + a3

The mapping S, is called the S-mapping generated by T1,75,... ,Tn and a§”),

ag"), o ,a%l). Nonexpansivity of each T; ensures the nonexpansivity of S,.
Lemma 2.7. ([7]) Let C be a nonempty closed conver subset of a strictly con-
vez Banach space X. Let {T;}Y, be a finite family of TLONETPANSIVE MAPPINGS
of C into itself with ﬂfil F(T3) # @ and let o = (a{,a%,ag), i=12,...,N,
where o, o, o € [0, 1], al+tad+al=1,0] €(0,1) forallj =1,2,... ,N—1,
aY €(0,1] and o, o € [0,1) for all j=1,2,...,N. Let S be the S-mapping
generated by Ty, Ty, ... , Ty and ay, aq, ... ,ay. Then F(S) = ﬂfi1 F(T).

Lemma 2.8. ([7]) Let C be a nonempty closed convez subset of a Banach space
X. Let {T;}, be a finite family of nonezpansive mappings of C into itself
and for alln € N and all j € {1,2,... N}, let a§") = (o], 057, a37), aj =
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and of + o3 + a3 = 1. Suppose o) — o asn — oo for all i € {1,3}

and all j = 1,2,3,... ,N. Let S and S, be the S- mappm?s generated by
N,T,...,Tn and ay,as, ... ,an and T1,Ts,... ,Tn and al ,(12 g\',l),
respectively. Then lim,_., [|Spz — Sz|| = 0 for every z € C.

Lemma 2.9. ([1]) For given z*,y* € C, (z*,y*) is a solution of problem (1.2)
if and only if z* is a fized of the mapping G' C’ — C defined by

G(z) = Pc|Po(z — uBzx) — AMAPs(z — pBz)), Vz € C,
where y* = Po(z* — puBx*).

Throughout this paper, the set of fixed points of the mapping G is denoted by
GVI(C, A, B).

Lemma 2.10. ([21]) Let A: C — H be a Ls-Lipschitzian and relazed (c,d)-
cocoercwe mapping and B : C'— H be a Lp-Lipschitzian and relazed (c,d )-
cocoercive mapping. Let the mapping G : C — C be defined by

G(z) = Po[Pc(z — uBz) — AAPo(x — uBz)|, Vz € C.

Ifo< A< %2—’—‘-— and 0 < pu < %L;:L—B) Then G is nonexpansive.

3 Main Results

We are now in a position to state and prove our main results.
Lemma 3.1. Let B : C — H be a L-Lipschitzian and relazed (', d')-cocoercive
mapping. If 0 < p < M then I — pB-is-nonexpansive.

Proof. For any z,y € C, we have
I = uB)z — (I - uB)y|? = ||(z — y) = w(Bz — By)|]®
= ||z — yl|* + u*|| Bz - By|*
— 2u(z — y, Bz ~ By)
< Iz — y|” + u?|| Bz — By|?
—2u[—¢||Bz - Byl +d ||z — y||
= ||z — y|I* + 4*|| Bz — By|?
+2uc | Bz = By - 2ud ||z — y|?
<z =yl + u* Lz — y|)?
+2uc' ¥z — y||* — 2ud ||z — y|?
= (1+2uc L? — 2ud + WLz — yl|?
<z -yl
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hence I — uB is nonexpansive. O

Theorem 3.2. Let C be a nonempty closed and convez subset of a real Hilbert
space H. Let F' be a function from C x C to R satisfying (A1)-(A5) and
¢ : C — RU{+oc} be a proper lower semicontinuous and conver function.
Let A: C — H be a L4-Lipschitzian and relazed (¢, d)-cocoercive mapping and
B : C — H be a Lg-Lipschitzian and relazed (c, d')-cocoercive mapping. Let
{T}X, be a finite family of nonezpansive self-mappings of C' such that Q =
Ny F(T)NGVI(C, A, B) \MEP(F,¢) # @. For all j € {1,2,... N},
let ag-n) = (o7, 037, aP?) be such that ot o oy € [0,1], o 4 ay? +
a5? =1, {o"}5 € [m1,6)] with 0 < ny < 6, < 1, {a™} C [nw, 1] with

j=1 % .
0<ny <1 and {a3”}L,, {57}, C [0,6) withO < 6, < 1. Let S,, be the
S-mappings generated by Ty, Ty, ... , Ty and o™, M, ,ag‘). Assume that

either (B1) or (B2) holds and that v is an arbitrary point in C. Let x; € C
and {z.}, {un}, {yn} be the sequences defined by

Flun, y) + 0(y) = o(tn) + 2y — tn,un —2,) >0, VyeC,
Yn = PC(un - pBun),
Tl = @V + bnZp + (1 — ap — b,) S, Po(y, — AMyn), n>1,

where 0 < \ < 2(%353—) and 0 < pu < %ﬁ—%—) Suppose that the following
A B

conditions hold:

(C1) limp—oo @, = 0 and D | Gy =TT

(C2) 0 < liminf,_,o b, < limsup, ,_ b, < 1

(C3) liminf,_ .. 7, > 0 and lim, o [Tg1 — 7| = 0;

(C4) limposee a7 — 0| = 0 for all i € {1,2,... ,N} and

limpo0 |05 — 037 = 0 for all j € {2,3,... N},

Then {xn} converges strongly to T = Pyv and (T,7) is a solution of problem
(1.2), where § = Po(Z — uBz).

Proof. Let £* € Q and {7, } be a sequence of mappings defined as in Lemma
2.1. It follows from Lemma 2.9 that

" = Pe[Po(z* — pBa*) = AAPo(z* — pBa*)).

Put y* = Po(z* — uBz*) and ¢, = Po(yn, — My,), then z* = Po(y* — AAy*)
and

Tnt1 = anU + byZn + (1 — @, — b,)Spt,.



Iterative method for a finite family . .. 111

From Lemma 3.1 and nonexpansiveness of Pe and T, , we have

llta — 2*1I* = || e (yn — AAya) — Po(y® — AAy™)|1?
< “yn - y*”2
= ”PC(un - uBun) - PC'(-T* - N'Bx*)”2
< “un - 1?*”2
= ITzn = T2t

< llan — 2|2, (3.1)
which, implies that

| %ng1 — || = |lanv + byzn + (L d, = by)Sntn — ||
< anllv — 27|l + bollzn — z*|| +- (I-a,— ba)lltn — z*||
< agllv — 2| + ballzs — ™| + (I-a,— bu)llzn — z*||
< max{|lv —z*||, lz; — z*|}.

Thus, {z,} is bounded. Consequently, the sequences {u,}, {yn}, {ta}, {Aya),
{Bun} and {S,t,} are also bounded. Also, observe that

”tn+1 - tn” = ”PC(yn—H - )‘Ayn—H) | Y PC(yn - /\Ayn)”

< “yn+l - yn”
= “PC(un+1 = ,UBun+1) - PC’(un = ,UBun)”
S (32)

On the other hand, from Up = 1y, Ty € domy and u,,q = T 1 Zns1 € dome,
we have

1
F(umy) + ga(y) - (P(Un) o r‘(@/ = Up, Up — mn) >0, Wye C, (33)

n

and

(1/ T Uny1, Ungy — xn—{-l) 2 O, Vy eC.
(3.4)

Funt1,9) + ©(y) — o(tnsr) +
Tn-f—l

Putting y = un4; in (3.3) and y = u,, in (3.4), we have

1
F(um un+1) + ¢(Un+1) - W(un) + T—<un+1 = Up, Up — wn) Z 0,

n

and

F(un+1, un) + ¢(Un) - w(un+1) + <un — Un+1, Unt+1 — :L'n+1> 2 0.

Tn+l
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From the monotonicity of F', we obtain that

Upn = Tpn  Untl — Tntl
Unt1 — Un, - Z 0)
Tn Tn+1

and hence

Tn

<Un+1 = Up, Up — Upy1 + Upsy — Ty — (Un+1 - 33n+1)> > 0.

Tn4l
Then, we have

Tn

Tn+1

[

||Un+1 - Un“2 < <Un+1 = Up, Tn+t — Tn + (1 =

Tn
< s = wal{ Bz =l 11— a1~ susil .
Tn+1
and hence
1
”un+1 - Un“ < ”xn+1 W -Tn“ + —Irn+1 - 7'n“[un+l - $n+1“' (3~5)
Tn+1
It follows from (3.2) and (3.5) that
ltnss — tall < lTnyy — Tnll + |7"n+1 — Tp)l[Uns1 — Tng1ll- (3-6)
Tnt1

Let z,41 = bz, + (1 — by)z,. Then, we obtain

. Tni2 — bn+1xn+l Tni1 — bnxn

TSRS T e, 1 170,
. Qn+1V + (1 — Qpt+] — bn+1)Sn+1tn+1 - anv + (1 — Qp — bn)Sntn
B [« T 1—b,
An41 Gn,
= —(U - Sn+1tn+1) + —_(Sntn - ’U) + Sn+1tn+1 - S'n.tn
]. - bn+1 1 - bn

(3.7)

Next, we estimate |[Sy+1tn+1 — Sntall-
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For each k € {2,3,... , N}, we have
[Uns1itn = Ungtall = o Tulnsrpo1tn + o5 T Uiy portn + a5,
— 0P T Un jo1tn — a3 Up 1t — o5t
ud””uuhﬂklt—zuakﬁ)

+ (Y — YU atn + (5T — ab)e,
+(1n+1’k(Un+1,k—1tn — Unpo1tn) + (a5 — o k)Un,k—ltn”
<M“Wmuﬂ—wu¢uﬂw“ M N TkUn -1t
+ a3 — o F [t ] + gt Uik —1tn — Un g1t

+ a3t — QG| Un st
= (oM + g+1k)|IUn+lk 1tn = Un k—1tnl|
+ o7 — oM Thlnkatall + lag ™ = o)t

+ |an+1 ko a2 ”'Un,k—ltn“

S NUntrh-1tn = Un it +lan+lk o ThUn e-rtal
g™ — QM + 1o = o) (aft — B |0 kit
S NUnt1h-1tn = Unpoatall + a7 ™ — o F |1 ToUn 1|
+ a5 — afHl[ta]l + [@P* — TR Ut
+ Jag* _agﬂ’k”lUnk—lt |
= Untr-rtn = Unpstall + a7 2 = ag U TkUn g atall + [[Un g-rtall)
+lag™ " — aBE|((Itall + 1 Un kortal]). (3.8)
It follow from (3.8) that
1Snr1tn = Sutall = [|Unq, Nt — Unntall

< Wit = Unstall + 3l QT Uy bl 1yt

j=2

+§]M”f<ﬁmWw+waF%m
IM“I o || Titn = tall

+Z]M“J (T Un -1t + U - itall)

+§]f“f(@MWw+qumu



114 S. Imnang

This together with the condition (C4), we obtain

lim ||S 41t — Sut,|| = 0. (3.9)
It follows from (3.6) that

“Sn+1tn+l - Sntn” < ”tn—H - tn” + ”Sn+1tn - Sntn”

1
< Miznt1 =zl + ——|Tns1 = Tallltng — L]
Tnt1
+ ”Sn+1tn N Sntn” (310)

By (3.7) and (3.10), we have

Q a
l2n+1 = 2l — lZni1 — zn]l < = llv— Sntitntll + — 1 Sntr — vl
Ly bn—+—l 1—b,
+ “Sn+1tn+1 = Sntyll - [EAE Tn |
Qnyi On
——|lv =St + —1|Spt, — v
2N Ilv 1lnp]] 1—b, |Snts, I
+ Irns1 = Tallltnss — Toga|
T'n+1

+ || Snritn — Sutall.
This together with (C1)-(C3) and (3.9), we obtain that

hmsuP “zn-H - zn” ™ ”xn+1 = xn” S 0.
n--+00

Hence, by Lemma 2.4, we get l£n — 2n]| — 0 as n — oo. Consequently,
m [[zp1 — 2]l = lim (1 = 8,)||2, — T [0 (3.11)

From (C3), (3.2) and (3.5), we also have [Unt1 — un|| — 0, ||t — tall = 0
and ||Yns1 — ynll — 0, as n — oo.
Since

Tntl = Tn = Gn(V = @n) + (1 — an = by)(Suts — ),
therefore
|Sntn — zn]] - 0 as n — oo, (3.12)
Next, we prove that lim,_ ||z, — Un|l = 0. From Lemma 2.1(3), we have
llun — 2*|> = |17z, — Tz < (T}, 2 — 1. x% x, — %)

* * 1 * *
= (un — 2%, 2, — 1*) = 5 {llun = 212 + |z = 2* |2 — [l — ua2}.
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Hence
lltn = 2117 < lzn — 277 — ||z — unlf?. (3.13)
From Lemma 2.3, (3.1) and (3.13), we have
[Zns1 — 2* 17 < anllo = 2*[1% + ballz,, — )2 + (1 = @, — byt — 2°||2
< anllv - 13*”2 +&Ai 8.4 I*”2 +(1-a, - b))l un — CL‘*||2
< aallv = 2*|° + bollzn — 2|2
+(1-a,= bn) [”mn = 5’7*”2 — ||lzn — un”2]
S an”v - m*IIQ e Hxn I $*||2 - (1 — an — bn)”a:n - un“2'

It follows that

(1= an = bp)llzn = unll® < @ullv = 217 + 2 — 2|2 — ||Tnss — z*|°

< tnllv = 27 + (2w = 2% + [@ns1 = 2" |Tns1 — 2.
From the conditions (C1), (C2) and (3.11), we obtain

nlirgo |zn — unll = 0. (3.14)
Since

[1Sptn — tnl| < [1Sutn — Zall + lizn = ual,
it follows from (3.12) and (3.14) that

nh—>nolo | Sntn — ugl] = 0. (3.15)

Next, we show that || Ay, —Ay*| — 0 and ||Bu, — Bz*|| — 0 as n — oo. From
(3.1), we have

IZas1 = 2" < @ullo — 2| + bollon — 2*|2 + (1 — @y — ba)l[tn — 2°?
< anllo = 2 + bullza — 217 + (1 = an — ba)llgn — y*II°
< anllv — 2*|* + bu |2, — 2|2

+ (1= an = bo)ll(un — pBun) — (z* — uBz")|)?
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< anllv = 2|7 + by |2, — 2P
+(1—a, —b,) [Hun —z*)? — 2u{u, — z*, Bu, — Bzx*)
+ 4%|| Buy, — Bz*||?]
< anllv — z*|2 + bpljzn — z¥))?
+ (1= an = ba) [lun — 2*|* + 2uc’|| Buy, — Bz*||?
~ 2udun — 2+ 2| Bun — B )
< apllv — $*|I2 + bn ||z — a:*H2
+(1—a, —b,) [Hxn — z*||?
+ (2 -+ — By By, — B
B

< anllv —2*|? + ||z, — 2*||?
4 2 2/'“1, *[|2
+ (1 —ap —b,)(2uc + p* - L—2)HBun - Bz*||*,
B

and
Izns1 = 211 < anllo = 2*° + ballzn — 2> + (1 ~ an — b)||tn — 2*)2
= anllv — x*HQ + bnllzn — w*HQ
+ (1 — Qp — bn)”PC(yn N /\Ayn) - PC(y* - /\Ay*)”2
g o [ [
+ (1 = an ~ b)ll(yn — Myn) — (y* — AAy*)|?
< anllv — 2|* 4 bo || @ = 2|2
+ (1~ ap = bo) [ljs — z*||?

2Ad ]
+ (2Ac+ A — F)”Ayn — Ay*|1?]
A

< anllv — 2|7 + |z — 27
2Md
-

A

(1= ap — by)(2Ac + N2 ) Ay, — Ay* |2

Therefore, we have

3 2ud
— (1= ay — b,)(2uc + % — 2| Bu, — Bz*||?
LB
< agllv — 211 + (lzn — 2| + 201 = @) Tnss — all,

and
2)\d )
— (1 = an — by)(2Ac+ \? — 77 1Ay — Ay*||?
A

< anlfv = 2*|* + (ln ~ | + 1zns1 — 2 ) |Zns1 — Zall.
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This together with (3.11), (C1) and (C2), we obtain
| Ay, — Ay*ll - 0 and |Bu, — Bz*|| -0 as n — 0. (3.16)

Next, we prove that ||Spt, — ta]] — 0 as n — co. From (2.1) and nonexpan-
siveness of I — uB, we get
Iy = ¥"II* = [ Pe(un — pBun) — Po(z® — pBz*)|?

< (un — pBuy) — (z* — pBz*), yp — y*)
1

= 5 I(un = uBug) — (" = uBz*)|? + [lyn — v*|?
= I(un — uBun) = (@* — uBz*) — (ya — y*)|]
1 * * * *
< i[llun = F lyn — 017 = [[(un — 2°) = (g — y*)]|?
+ 2p(un — T ar (v y*), Bu, — Bz*) - NzllBun - Bx*“2]~
By (3.1), we obtain
yn =~ 4117 < Hlun — 271 = [[(un — &%) = (g — 3*)]J?
+2u((tn — 2%) = (v — ¥*), Bu, — Bz*) — 1i?||Bu, — Bz*||?
Slzn — 212 = [l (un — 2*) — (g — v*)|2
+ 2p((un — AL > (Yn = y*), Bu, — Bzx*) — H2|IBun - B:L‘*”2.
Hence,
IZns1 = 27)1? < @nllv — 22 Fbaflzn = 2*12F (1 — ap — ba)llyn — °1?
< anlfv = 2|2+ bollzn—a* P+ (1 — a, — b,) [lzn — z*||?
= [(un = 2%) = (yn — 9|2
+ 20((un = %) = (Yo — y*), Buy, — Bz*) — y?|| Bu, — Bz*||?]
< anllv — ¥ + llzn ~ 2¥)12
- (1 —Qn — bn)”(un E x*) = (yn - y*)”2
+ (L= an — ba)2|(un — &%) — (y. — y*)|l|| Bun — Bz*|),
which implies that
(1= an = ba)|(un ~ %) — (g — v*)||?
< anllv = 2| + (1 = an — ba)2pll(un — ) = (yn — y*)|[|| Bus, — Bz*||

F (120 = 2| + 201 — 2 ) [Zns1 — za])-
This together with (C1), (3.11) and (3.16), we obtain

I{un =2%) = (g ~ y")I| > 0 as n — oo (3.17)
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From Lemma 2.6 and (2.2), it follows that

[(n = ta) + (2" = )1 = l(yn — AMyn) ~ (" — Ay*)
— [Pe(yn — Ayn) — Po(y* — AMy*")] + M(Ay, — Ay®)|?

S Nn = Adyn) = (" — AMy") = [Polyn — Myw) — Pely* — Ay)]|I?
+ 2/\(Ayn - Ay*, (yn - tn) + ($* - y*»

< M (yn — Ayn) ~ (v* — AAY")|1® = [[Po(yn — AMyn) — Po(y* — AAy*)|)?
+ 2M| Ay, — AY* |l (yn — ta) + (&7 — y*)|]

< Myn = Adyn) — (v — MY = 150 Polyn — Myn) — SnPo(y” — AMAy*)|12
+ 2M[Ayn — Ayl (yn = ta) + (7 — )]

< yn — AAyn) — (v* — Ay*)
= (Sntn — =) [l(ya = AAyn) = (u" — AAY")|| + ||Sutn — 27|]]
+ 2M|Ayn — Ayl (yn — ta) + (&7 — y7)]|

= ”un — Optp + " —y* — (un — yn)
= AMAyn = Ay [Il(yn = Aya) = (¥* — AAy*)| + [|Satn — 2°]]]
+ 2A[[Ayn — Ayl (yn — ta) + (2* — )|

This together with (3.15), (3.17) and (3.16), we obtain |(yn—tn)+ (z*—y*)|| —
0 as n — oo. This together with (3.12), (3.14) and (3.17), we obtain that

1Sntn = tall < 11Sntn = zall + lzn — tnll + [(tn =ya) — (z* — y*)|
Hl(Yn = ) +(&" =y )lf—-0-85 n — o0, (3.18)

Next, we show that

limsup(v — Z, &, — 7) <0,
n—oo
where T = P,v.
Indeed, since {¢,} and {S,t,} are two bounded sequences in C, we can choose
a subsequence {t,,} of {¢,} such that ¢,, = z € C and

limsup(v — 7, Spt, —Z) = lim (v — 7, Sy tn, — Z).
n—0o 100

Since limy oo [|Sntn — ta|| = 0, we obtain that S, t, — z as i — oo.

Next, we show that z € Q.

(a) We first show z € ﬂfil F(T3).
We can assume that o}’ — of € (0,1) and o = ol € (o, 1] as n — oo for
allje{l,2,... ,N-1}and oj’ » o} €[0,1)asn—oofor j=1,2,... ,N.
Let S be the S-mappings generated by Ty, Ts, . .. , Ty and oy, Qg,. .., oy where
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o = (.o, ad), for j = 1,2,...,N. From Lemma 2.8, we have ||S,t, —
St.]l = 0 as n — o0o. Since

“Stn - tn” S ”Stn - Sntn” + ”Sntn - tn”v

it follows by (3.18) that ||St, — t,]| — 0 as 7 — oo.
Since t,, — z and ||St,, — tn|l — 0, we obtain by Lemma 2.5 and Lemma 2.7
that z € F(S) =N, F(T)).
(b) Now, we show that z € GVI(C, A, B).
Since

it follows from (3.18) and (3.12) that ||t, — z,]] = 0 as n — oo. Furthermore,
by Lemma 2.10, we have G : €' — C is nonexpansive. Then, we have

ltn = G(t) ]l = 1| Po(yn — AAyn) — Glta)|
= ||Fe [P(un - NBun) — AAP (u, — NBun)] - G(tn)”
= |G (un) = Glta)ll < llun = tal]
< lun = @]+l — ¢,

which implies ||t, — G(t,)]| — 0 as n — oo. Again by Lemma 2.5, we have
2 € GVI(C, A, B).

(c) We show that » ¢ MEP(F, p). Since t,; = z and ||z, — tn]] — 0, we
obtain that z,, — 2. From |lu, — Zn|l — 0, we also obtain that Un, = 2. By
using the same argument as that in the proof of [12, Theorem 3.1, pp. 1825],
we can show that z € MEP(F, ). Therefore there holds z € Q.

On the other hand, it follows from (2.3) and Sp,t,, — 2 as i — oo that

limsup(v — 7, z, — Z) = limsup(v — 7, Syt,, — T) = lim (v — 7, Sy t,, — T)
n—00 00 1—00

=(v—-Z,z-7) <0. (3.19)
Hence, we have
lznsr — 7|2 = {anv + bz, + (1—a, —b,)Snt, — 7, Tpt1 — T)

= an{V ~ T, Tnt1 — T) + by (Tn — T, Tpnyy — T)
+ (1= an — b)) (St — T, 204y — T)
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< aufo = T,2ns = 2) + gl — P + llgns - 7I7)
+ 5 (1= an = 8.) (e~ F? + s — )

< aulv = 2,801 = 3) + Stnlllzn ~ TP + lfgns - 71
+ 51— = b) (2~ 7 + 2y — )

_ 1 _ _
= an('U Ty Tyl — :L‘) + '2"(1 i an)(“xn 7 .’1,‘”2 + “xn+1 - 1"”2)a

which implies that
“l'n-’rl - ?C—HZ < (1 — (ln)”l'n — f”2 + 2an(v — T, Tng1 — jf)

It follows from Lemma 2.2 and (3.19) that {zn} converges strongly to Z. This
completes the proof. O

If A= B in Theorem 3.2, then we obtain the following result.

Corollary 3.3. Let C be a nonempty closed and conver subset of a real Hilbert
space H. Let I' be a function from C x C to R satisfying (A1)-(A5) and
¢ : C — R{J{+o0} be a proper lower semicontinuous and conver func-
tion. Let A: C — H be a La-Lipschitzian and relazed (c, d)-cocoercive map-
ping. Let {T;}Y | be a finite family of nonezpansive self-mappings of C such
that @ = N1, F(T,) @\ MEP(F,¢) # @. Forallj e {1,2,... N}, let
agn) = (a}?, a5, a7 be such that apd ap? afd € [0,1], o™ 4ol +agd =1,
{o?" 15" C [n,61) with 0 < iy < 65 <1, (&} C . 1] with 0 <

v < 1 and {of”? N {as ¥, C (0,05 with 0 < 6, < 1. Let Sn be the

Jj=1
S-mappings generated by Ty, Ty, ... , T and agn), agn), . ,ag\',l). Assume that

either (B1) or (B2) holds and that v is an arbitrary point in C. Let x; € C
and {zn}, {un}, {yn} be the sequences generated by

Fun, y) + oY) = ¢(un) + 2y — tn, up — 7,) >0, Wy e C,

Yn = PC(un - ,LLA’U,n),

Tnil = An¥ + 0pZn + (1 — an — 0,)8, Po(yn — AMy,), n > 1,
where 0 < A\, 1 < 2(%:;5@, If the sequences {r,}, {a,}, {bn} and {a}’ N, are
as in Theorem 8.2, then {z,} converges strongly to T = Pyv and (Z,79) is a
solution of problem (1.3), where § = Po(T — pAT).

IEN=1 T;=25, ¢ =0and ag’l, a;’l =0 Vn € Nin Theorem 3.2, then
we obtain the following result.
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Corollary 3.4. Let C be a nonempty closed and convez subset of a real Hilbert
space H. Let F be a function from C x C to R satisfying (A1)-(A5). Let

A :C — H be a Ly-Lipschitzian and relazed (¢, d)-cocoercive mapping and B :

C' — H be a Lp-Lipschitzian and relazed (¢, d')-cocoercive mapping. Let S be a
nonezpansive self-mappings of C such that @ = F(S)GVI(C, A, B)NEP(F) #
@. Assume that v is an arbitrary point in C. Let 1, € C and {za}, {un}, {yn}

be the sequences generated by

Yn = FPo(un — pBu,),
Tny1 = arU + bnmn + (1 =Wl N bn)SPC(yn S /\Ayn)7 n Z 1.

If A, i and the sequences {r.}, {an}, {b.} are as in Theorem 3.2, then {zn}
converges strongly to T € Pov and (Z,7%) is a solution of problem (1.2), where
Y = Po(T — uBT).

4 Applications

In this section, we will apply Theorem 3.2 to obtain two strong convergence
theorems in a real Hilbert space.

Theorem 4.1. Let H be a real Hilbert space. Let F be q function from Hx H
to R satisfying (A1)-(A5) and ¢ : H — R{J{+00} be a proper lower semicon-
tinuous and conver function. Let A - H — H be a L a-Lipschitzian and relazed
(¢, d)-cocoercive mapping. Let {T:}y be a finite family of nonerpansive self-
mappings of H such that ) = ﬂﬁlF(Ti)ﬂA“IOQMEP(F, v) # @. For
all j € {1,2,... N}, let ag-n) = (a7, oy’ a2 be such that o ol o e
0,1], o + 37 +ap? = 1, {7 M Colm, 61 with0 <y < 6, < 1,
{a?™} € [nn, 1] with 0 < mw < 1 and {ap? N {og? My C [0,62] with
0 <0y < 1. LetS, be the S-mappings generated by T, T5,... , Ty and
R S Lo Assume that either (B1) or (B2) holds and that v is an
arbitrary point in H. Letx, € H and {z,}, {un}, {ya} be the sequences defined

by
F(un, y) + 0(y) — oun) + 2y — o, tn — ) > 0, Vy € H,
Un = Up — /\Aun;
Tnt1 = Gp¥ + bpZp + (1 — ap — by) Sp(yp — AMy,), n>1,

where 0 < X\ < 2(%552“—). Suppose that the following conditions hold:
A

(C1) lim,_,» a,, = 0 and Y om Gy = 00,
(C2) 0 < liminf,_,o b, < lim SUp,,_,oo bn < 1;
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(C3) liminf, .7, > 0 and lim, o0 |Tay1 — 70| = 0;
(C4) limp oo [af ™ — a7 = 0 for alli € {1,2,... N} and
im0 |5t — 03| = 0 for all j € {2,3,... N}
Then {z,} converges strongly to T = Pyv.
Proof. Put A=p, C=H, B=Aand Py = I, we have A70 = VI(H, A). In
this case, there holds the following:

problem (1.2) < problem (1.3) & VI(A, H).

Indeed. it is sufficient to show that problem (1.3) = VI(A, H). Suppose that
there is (z*,y*) € H x H such that

(AMy* +z* —y* 2 —-2*) >0, Vz e H,
(AMz* +y* —z*,z—y*) >0, Vzre H.

Then we have

" = Py(y* — AAy*),
y* = Py(a* — AAz*),

this is

l'* — y* __ /\Ay*,
{ y* — .’L'* - )\A.T* (4]‘)

We claim that z* = y*. Otherwise, from (4.1) it follows that Az* # 0, Ay* # 0
and Az* + Ay* = 0. Again from (4.1), we obtain

lz* — 3" = [(y* — z7) =A(Ay* — Az)|?
= [ly" — =" [ + A% Ay* — Az*|)?
— 2Ny —z*, Ay* — Az*)
<ly* =212 + 2| Ay* — Az |)?
= 2X\[~cl|Ay* — Az*||> + dlly* — z*||*]
= [ly" — 2*[* + A Ay* — Az*|)?
+ 2Xc||Ay* — Az*|)? - 2Ad|ly* — z*||?

<y =2 11? + XLyl — 2|

+2xcLilly” — 2*|)? - 2Mdlly” — |
= (14 2AcLf — 27d + ALY |ly* — z*||?
<y ==z,

which hence leads to a contradiction. Therefore z* = y*. Thus, problem (1.3)
= VI(A, H). Thus, by Theorem 3.2 we obtain the desired result. O
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Recall that the resolvent of the maximal monotone mapping B : H — 2f s
defined by JZ = (I +7B)~! for all r > 0, it is known that F(JB) = B~10 and
JE is nonexpansive.

Theorem 4.2. Let H be a real Hilbert space. Let F' be a function from Hx H
to R satisfying (A1)-(A5) and ¢ : H — RU{+o0} be a proper lower semi-
continuous and convex function. Let A : H — H be q L 4-Lipschitzian and
relazed (c, d)-cocoercive mapping and let B, By,... By : H — 29 be mazi-
mal monotone mappings such that §) = ﬂfil B[IOHA_IOH MEP(F,p) # @.
For alli € {1,2,... N} and r; > 0, let JB: be the resolvents of B;. For
allj € {1,2,... N}, let a§") = (a7, a7, o) be such that o, eyl ol e
[0,1], af’ 4+ a5 + o™ = 1, {a}? ML C 6y with 0 <y < 6, < 1,
{a""} C [ow, 1] with 0 < ny < 1 and {af9} {37} < [0,6,] with

d=1)
0 <6, <1 LetS, bethe S-mappings generated by JP1, JB2 JBN and

TLYYre 2t YN
ai"),ag"), e ,a?;). Assume that either (B1) or (B2) holds and that v is an
arbitrary point in H. Let x, € H and {zn}, {un}, {yn} be the sequences defined

by

F(un>y)+(/9(y)—(P(un)+?1;(y_unvun—xn> >0, VyecH,
Yn = Uy — /\Auna
Tl = 0¥+ byTp + (1 —an — b,)S, (yn — Ayn), n > 1,

where 0 < \ < ﬁ;—;—qﬁ. Suppose that the following conditions hold:

(C1) lim,,_, anA: 0 and 3327 | ap = oo;

(C2) 0 < liminf,_ b, < lim SUD,, 0o bn < 1;

(C3) liminf,_ .7, > 0 and lim, .., ITnt1 — | = 0;

(C4) limp_yoo a7 — a7 = 0 for all i € {1,2,... ,N} and

limp, o0 |03 ™ — 37| = 0 for all j € {2,3,... ,N}.

Then {z,} converges strongly to T = Pyu.
Proof. For all t = 1,2,... N and r; > 0, we have F(JP") = B'0. Putting
Py =Tand T; = JP for all i = 1,2,... | N, by Theorem 4.1, we obtain the
desired result. O
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