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ABSTRACT

Thesis Title : On Weak 6 —Rigid Rings

Student’s Name : Mr. Putinun Rattakam

Advisory Committee : Asst. Prof. Dr. Sarapee Chairat and
Asst. Prof. Dr. Wichitra Kharuwannapat

Degree and Program : Master of Science in Mathematics

Academic Year : 2013

This thesis consists of the definition of weak J —rigid ring, some

propositions and determining the equivalence of the weak o —rigid ring R and the

weak & —rigid ring R, the extension rings of R .
As aresults, let R be aring and 0 be a derivation of R. A ring R is said to

be weak & —rigid provided ad(a)enil(R) if and only if a e nil(R). We can show

that aring R is a weak & —rigid ring if and only if 7] (R), the nxn upper triangular

matrix ring over R is a weak 5 —rigid ring, where § is a derivation of 7. (R)
extended by ¢ . In the case that R is a semicommutative ring and &(nil(R)) C nil(R),

it is weak & —rigid if and only if R[x], the polynomial ring over R is a weak

5 —rigid ring, where ¢ is a derivation of R[x] extended by & .
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CHAPTER 1
INTRODUCTION

According to Krempa (1996 : 289-300), an endomorphism « of a ring R is
said to be rigid if aa(a)=0, thena=0 for a€ Rand we call a ring R ana—rigid
ring if there exists a rigid endomorphism « of aring R . In 2007, Ouyang introduced
the weak o —rigid rings which is a generalization of « —rigid rings. Let« be a ring
endomorphism of R. Then R is said to be a weak « —rigid ring provided that
aa(a) € nil(R) if and only if aenil(R), for any a € R, where nil(R) is the set of all
nilpotent elements of R . Furthermore, he obtained some properties of weak o —rigid
rings as follows. Suppose thatex is a ring endomorphism of R . Then R is ana —rigid
ring if and only if R is a weak o —rigid ring and reduced. Moreover, he derived some
conditions on the equivalence of the weak «—rigid ring R and the weak & —rigid ring
T.(R), the nxn upper triangular matrix ring over R .In addition, Bhat (2006 :591-
595) studied a ring R with a derivation ¢ and called a ring Ra &-rigid ring if
ad(a) =0 implies @ =0 and he established a relation between a & —rigid ring and a 2-
primal ring.He also found a relation between the prime radical of a & —rigid ring R and
that of the Ore extension of R .

For this study, we shall introduce the class of weak & —rigid rings which is a
generalization of the class of ¢ —rigid rings and discuss some properties of the weak

& —rigid rings. Furthermore, we shall investigate some conditions on the equivalence
between the weak & —rigid ring R and the weak & —rigid ring R ,the extension ring of
R,whena & is the derivation of the extension ring R of R by & . And in the case of
R is a semicommutative ring and &(ni/(R))c nil(R) we shall determine the
equivalence of the weak &-rigid ring R and the weak S —rigid ring R[x], the

polynomial ring over R .



Objectives of the Study
The objectives of this study are :

1) Introducing the notion of weak & —rigid ring.

2) Investigating the equivalence of the weak & —rigid ring R and the weak
& —rigid ring R , the extension ring of R .

3) Determining the equivalence of the weak & —rigid ring R and the weak
& —rigid ring R[x], the polynomial ring over R, where R is a semicommutative ring

and o(nil(R)) < nil(R).

Scope and Limitation

Throughout this study, all rings are associative with identity. In this work,
modifying the idea of Ouyang (2008 : 103-116), we introduce the class of weak & —
rigid rings which is a generalization of the class of § —rigid rings and we shall show

that R is a weak & —rigid ring if and only if the nxn upper triangular matrix ring

T,(R)is weak & —rigid. Moreover, in this case the polynomial ring R[x] is a weak

& —rigid, where & is a derivation of 7 (R) and S is a derivation of R[x] compatible

with o .

Expected Benefits

For this study, the weak & —rigid rings will be defined and some properties of

weak & —rigid rings will be found. Moreover, the equivalence of the weak & —rigid of

R and the weak & —rigid of R, the extension ring of R, will be shown.



CHAPTER 2
REVIEW OF LITERATURE

In this chapter, we discuss and investigate some properties of « —rigid and
weak « —rigid rings to apply to weak & —rigid rings. Therefore, some definitions and

essential theorems will be presented for this study.

Literature Review

Throughout this section, R denotes an associative ring with identity.

Krempa (1996 : 289-300) defined a rigid endomorphism and the o —rigid
rings as follows.

An endomorphism of a ring R is called rigid if aa(a)=0 implies a =0 for
acR.Aring R is called an « —rigid ring if there exists a rigid endomorphism « of
R.

Bhat (2006 : 591-595) defined a § —rigid ring as follows.

Let R be aring. Let & be an automorphism of R and & be a« —derivation of
R . He said that R is a & —rigid ring if ad(a)=0implies a=0for a€ R. He noted
that a ring R with identity 1 is not a & —rigid ring since 16(1) =0 . Moreover, he
established a relation between a & —rigid ring and a 2-primal ring as follows.

Let R be a J-rigid ring. Let & be an automorphism of R such that
a(P(R))=P(R), and 0 be a a—derivation of R such that §(P(R))< P(R).Then
R is 2-primal.

Ouyang (2008 : 103-116) introduced the concept of a weak o —rigid ring and
studied its property. He said a ring R with an endomorphism « is a weak o —rigid
ring provided acr(a) € nil(R) if and only if aenil(R). It was easy to see that the
notion of weak o —rigid rings generalizes that of o —rigid rings.

Moreover, he studied on some extension of weak o —rigid rings as follow.

Let o be an endomorphism of a ring R, T,(R) denote the nxn upper

triangular matrix ring over R . The endomorphism & of R is extended to the



endomorphism & :7,(R) —T,(R) defined by @((a,)) =(a(q,)) . Then the following
statements are equivalent:

(1) R isweak a—rigid;

(2) T,(R)is weak a —rigid for any positive integer 7.

On this direction, we shall introduce and study the notion of weak & —rigid
rings which is a generalization of the § —rigid rings. We will show that aring R isa
weak & —rigid ring if and only if 7 (R) is a weak 5 —rigid ring, where§ is a
derivation of 7 (R) extended by O . In the case of R is a semicommutative ring and
R[x] denote the polynomial ring over R, R is a weak & —rigid ring if and only if

R[x]is a weak & —rigid ring, where d is a derivation of R[x] extended by & .

Theoretical Background

Definitions and theorems

For basic definitions, theorems and notation we refer to Bhattacharya, Jain, and
Nagpaul (1994), Goodearl (2004) and Kasch (1982) . Many of them can also be found
in other textbooks on modules and rings theory, e.g. Dauns (1994), Gilbert and
Nicholson (1941). Here we recall some notations which are of particular interest for

the investigations in this study.

Definition 2.1 A ring is a non-empty set Rtogether with two binary operations, that
we shall denote by + and-and called addition and multiplication (also called
product), respectively, such that, for all a,b,c € R the following axioms are satisfied:

(1) (R,+)is an additive abelian group.

(2) (R,-)is a multiplicative semigroup.

(3)Multiplication is distributive (on both sides) to addition; that is, for all
a,b,ccR,

a-(b+c)y=a-b+a-c, (a+b)-c=a-c+b-c.

(The two distributive laws are respectively called the lefi distributive lawand the right

distributive law.)We shall usually write simply ab instead of a-b for a,beR.



Definition 2.2 A commutative ring is a ring R in which multiplication is commutative ;

that is, ab=ba for all a,b< R.

Definition 2.3 A ring with identity is a ring R in which the multiplicative semigroup
has an identity element; that is, there exists e € R such thatae =a =ea for all a € R.
The element e is called the identity of R . Generally, the identity element is denoted
by 1.

Throughout, all rings are rings with identityunless otherwise stated.

Definition 2.4 Let (R,+,-) be a ring, and let S be a non-empty subset of R .Then S

is called a subring if (S, +,-) is itself a ring.

Theorem 2.5 (Bhattachaya, Jain and Nagpaul) A non-empty subset S of a ring R is

a subring if and only if for all a,b e S we have a—beSand abeS.

Definition 2.6 Let(R,+,-) be a ring. The function f:R->R is called a ring
endomorphism if for alla,be R :

(1) fla+b)=f(a)+f(b).

(2) fla-b)y=f(a) f(b).

A ring automorphism is a bijective ring endomorphim.

Definition 2.7 A nonempty subset / of a ring R is called an ideal of Rif the

following conditions are satisfied for all x,ye/ and r e R :
() x—yel.

(2) x-rand r-xel.

Definition 2.8 Anelement a inaring R is called nilpotent if there exists a positive

integer n such that a”" =0. Set of all nilpotent elements of R is denoted by ni/(R).

Theorem 2.9 (Bhattachaya, Jain and Nagpaul) Let R be a commutative ring. Then

the set of all nilpotent elements in R forms an ideal.



Proposition 2.10 Let R be aring, and S be a subring of R. Then nil(S)=nil(R)S.
Proof Let aenil(S).Then aeS and there exists some positive integer » such that

a"=0. Since S is a subring of R, we have ae R and there exists some positive
integer n such that a” =0. Thus a e nil(R). Therefore aenil(R)NS .

Conversely, Let aenil(R)nS, we have aenil(R) and aeS. Since

a e nil(R) , there exists positive integer » such that @”" =0 . Hence aenil(S). O

Definition 2.11 Anelement e inaring R is called idempotent if e =e*.

For any idempotent element e € R, we have 1—-e is also idempotent and e = e*

for all positive integer £ .

Definition 2.12 Let R be a ring, and « be an endomorphism of R. « is called a
rigid endomorphism if aa(a)=0implies a=0for a€ R. A ring Ris called to be

-rigid if there exists a rigid endomorphism « of R .

Example 2.13 Let R =C, the set of complex numbers with the usual addition and
multiplication, and «:C —>C be the map defined by a(a+bi)=a—bi, for any

a,be R . Then it can be seen that « is a rigid endomorphism of R .

Definition 2.14 Let R be a ring and o be an endomorphism of R . A ring R is said

to be weak «—rigid ifac(a) € nil(R) is equivalent to a € nil(R) .

Definition 2.15 A ring R is called a reduced ring if R has no nonzero nilpotent

elements. Equivalently, a ring is reduced if it has no non—zero elements with square

zero, that is, x* = 0 implies x=0.

Proposition 2.16 Let o be an endomorphism of a ring R . If R is an « —rigid ring,
then R is a reduced ring.
Proof Let R be an «—rigid ringand a’ =0 for ae R. Then

aa(a)a(ac(a)) = aa(a®)a’(a) =0.

Thus aa(a)=0 and so a=0. Therefore R is reduced. O



Proposition 2.17 Every subring of a weak o —rigid ring is a weak « —rigid ring.

Proof Let R be a weak o —rigid ring, and S be a subring of R. Let aeS be
such that aa(a) e nil(S). Then aa(a) e nil(R). Hence, a e nil(R) since R is a weak
a —rigid ring. Therefore a e nil(S). Conversely, let a€ S be such that ae nil(S).

Then a e mil(R). Hence, ax(a) e nil(S) since R is a weak « —rigid ring. Therefore,

ac(a) e nil(S). a

Definition 2.18 A derivation on a ring R is any map 0 :R — R satisfying the usual
sum and product rules for derivatives :
S(a+b)=3(a)+5(h)and S(ab) = 5(a)b+ad(h)
forall g,be R (If R is noncommutative, it is important to keep the order of the term
involving a and b consistent in the product rule).
Note that: &(1) =&(1-1)=5(M1+15(1) = 26(1) whence we automatically have
5(1)=0.

d
Example 2.19 Let F be a field and R = F[x]. Then the formal derivative a’_ isa
x

derivation of R .

Definition 2.20 Let & be an automorphism of a ring R .An o —derivation of R is any

map O : R — R such thatd(ab) = d(a)a(b)+ad(b)forall a,beR.

Example 2.21 Let & be an automorphism of a ring R and 6 : R — R is any map. Let

a(r) 0

#: R — M,(R) be a homomorphism defined by ¢(r) = [5( ) ) ,forall re R. Then
r) F

0 isa a—derivation of R . Let 5, € R such that

a(r+r) 0 J

6(n+n) n+n

_ a(r]) 0 a(rz) 0 B a(r]-H”2) 0
) +9(r) = o(r) ’ o(r) n B Sti+n) n+n)

#(r +rz):[



Now &7, +r,) = (1) + ¢(r,) , therefore 5, +r,) =5()+S(r,) . Let

a(rr) 0 )

o(rr) K

3 a(r) 0\ a(r) O B a(n)o(r,) 0
prp) _[5@) r,)(&rz) rzj“[&n)a(a)mﬂrz) )

¢(r1r2) = (

Now ¢(rr,) = ¢(r)¢(r,) Therefore, 5(rr,) = 5(r)a(r,) +r,5(r,) . Hence 0 isa a—

derivation of R .

Definition 2.22 et be an automorphism of a ring R and ¢ be aa —derivation of

R . We said that R isa & —rigid ring if ad(a)=0implies a=0for aeR.

Definition 2.23 A ring R is semicommutative if it satisfies the following condition:
whenever element a,b in R satisfy ab=0, then acb =0 foreach ce R.

A semicommutative ring is also called an IFP ring (insertion of factor property).

p q r
Example 2.24 Let R=9| 0 p s || p.q,r.s € R ;be asubring of T,(R).
0 0 p
al aZ a3 bl bZ b3 cl CZ c}
Assume that A=| 0 «, a,|,B=[0 b b, |and C=[0 ¢ c, |forany
0 0 g 0.0 p 0 0 ¢
a,b,c eR,i=12,3,4. Suppose that
ab, ab,+ab, ab,+ab,+ab
AB=| 0 ab, ab,+ab, =0.
0 0 ab,

Then we have ab, = ab, +a,b, =ab, +ab, =ab, +a,b, +a;b; =0.
Fora, =0and b, #0, we have a, =a, =a, =0. Then 4=0.For a, # Oand
b, =0,wehave b, =b, =b, =0. Then B=0. And for a, =0and b =0, we have

a,b, =0 .Hence ACB =0 .Therefore, R is semicommutative.



Lemma 2.25 (Ouyang) Let R be a semicommutative ring. Then »i/(R) is an ideal of

R.

Lemma 2.26 (Ouyang) Let R be a semicommutative ring. If a,a,,...,a, € nil(R)

then a, +ax+...+a,x” € R[x] is a nilpotent element.

Proposition 2.27 Let R be a semicommutative ring. If Za,x’ € nil(R[x]) then
=0

a, e nil(R) forany i =0,1,...,n.

Proof Let f (x)=Za,x’ € R[x]. We shall show by induction on » that if
i=0

Za,x’em'l(R[x]) then a, enil(R) for any i=0,l,....,n. If n=0, we have

i=0

a, e nil(R[x]). Then a, € nil(R).

Now suppose that £ is a positive integer such that if Za,x’ € nil(R[x]) then
i=0

a, € nil(R) for any i =0,1,2,...,nandn <k . Weshall show that if Za,x’ e nil(R[x])

=0

then a, € nil(R) for any i=0,1,2,...,n and n=k.
Suppose a, +ax+:-++ax" enil(R[x]). Thus a,,a, enil(R) and hence

a, +a,x* e nil(R[x]), which implies that g,x+---+a, x*"' e nil(R[x]). By induction

hypothesis we have a,,a,,...,q, . €nil(R). Therefore if Za,x' e nil(R[x]) then

i=0

a, e nil(R) foranyi=0.1....n. O



CHAPTER 3
WEAK&—RIGID RINGS AND THEIR EXTENSIONS

Throughout this chapter, all rings are defined to be associative with identity.
We shall investigate some properties of a « —rigid and weak « —rigid ring to apply

on a weak & —rigid ring.

Weak a—rigid Rings
We recall that a ring R with an endomorphism « is called a weak « —rigid
ring provided ax(a) € nil(R) if and only if a e nil(R) for any a€ R . It is easy to see

that the notion of a weak « —rigid ring generalizes that of an« —rigid ring. The
following example shows that there exists a weak o —rigid ring R which is not an

o —rigid ring.

Example 3.1 Let« be an endomorphism of R and R be an a « —rigid ring. Let

a b ¢
R, =310 _a d|la,b,c,deR
0 0 a

be a subring of 7,(R). The endomorphism a of R is extended to the endomorphism
@:R, — R, defined by a((a,))=(a(a,)). We show that

(1) R,isa weak o —rigid ring.

(2) R,isnot & —rigid.

Proof (1) Suppose that

a b ¢ 7855y aa(a) * *
0 a dla|0 a d||=| O ac(a) * enil(R,) .
0 0 a 0 0 a 0 0 ax(a)

Then there is a positive integer n such that
aa(a) ¥ + ' [(aa(@) * *
0 aa(a) * = 0 (aa(a))' * =0
0 0  aa(a) 0 0 (ac(a))’
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Thus aa(a) € nil(R) .Since R is an a o —rigid it follows that R is reduced and we have

a b ¢ 0 b ¢
ax(a)=0,andso a=0.Hence |0 a d|=|0 0 d|enil(R)
0 0 a 0 00

a b ¢

Conversely, assume that | 0 a d |enil(R,). Then there is a positive

A F S
integer n such that
| Oy, *
.oy P-LGWa. * |=0.
0 0 a 0 0 4

Thus we get a € nil(R) ,and so a =0 because R is reduced. So

a b ¢ a b c 0o * *
0 a d|a|0 a d||=|0 0 *|enil(R,).
0 0 a 0 0 a 0 00
Therefore, R, is a weak & —rigid.
(2) Since R, is not reduced, R, is not & —rigid . O

Proposition 3.2 Let o be an endomorphism of a ring R . Then R is « —rigid if and
only if R is weak « —rigid and reduced.

Proof Assume that R is «-rigid, then R is reduced. Suppose that

aenil(R) . Then a=0, and so aa(a)=0enil(R). If aa(a)enil(R)for ac R, then

aa(a)=0, and so a =0 e nil(R). Therefore, R is weak « —rigid and reduced.
Conversely, suppose that R is weak « - rigid and reduced. Let aa(a)=0

for ae R, since R is weak a—rigid, ae nil(R). Thus,a=0 because R is reduced.

Hence, R is o —rigid. O
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Extension of Weak a —rigid Rings
Let & be an endomorphism of aring R, and7 (R) denote the nxn upper

triangular matrix ring over R . Then the endomorphism « of R is extended to the

endomorphism & :7 (R) — T (R) defined by

a, a, - a, aa.., aa., - aa.,)
— O a22 T aZn 0 aka“; o aka“n)
a 2 - -
0 0 - a 0 0 - ala)
all 12 aln
0
for any = Dl T (R) . Then we have the following:
0 O

n

Theorem 3.3Let & be an endomorphism of a ring R . Then the following statements
are equivalent:

(1) R isweak a-—rigid;

(2) T.(R)is weak o —rigid forany pesitive integer n.

a, 4a, ' d

in

Proof ()= (2) Let 4= | T (R) be such that 4 e nil(T,(R)).

0 0

nn

Then there exists some positive integer m such that

m

ay ap o4, (a,)" ¥ *
O a22 . aZu 0 (azz )'" U *
E =0,
O O ven ann O O ee (a’m )m

Thus a, e nil(R);i =1,2,...,n. Since R is weak o —rigid, we get a,a(a,) € nil(R).

So there exist positive integers ¢, such that (a,a(a,))" =0;i=1,2,...,n. Let
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t=Max{t};i=12,...,n, then

aya(a,) * * ’ 0 * ... *Y
— wm 0 a,a(a,) - * 0o 0 .. *
Ua@y=| @ - 0.
O 0 T a”"a(aﬂ") 0 O e 0

Hence A&(A) enil(T (R)).

A G WA I

n
0 ay

Now, let 4 = o= — T,(R) be such that A&(A) enil(T (R)).

0 O

nn

Then there is a positive integer m such that

a”a,(a”) * * "
() = 0= T
O O anna(ann)

Thus a,x(a,) e nil(R);i=1,2,...,n. Hence, a, e nil(R) since R is weak a —rigid,
and so there are some positive integerss such that (a,)" =0;i=1,2,...,n. Let

t =Max{t}y,i=1,2,...,n, then

(a,) * e gt o x . xY
- 0 g g 0 0 *
(ayr=| O e ! 0.
0O 0 - (a,)) L0 0 0

Hence, 4 € nil(T, (R)) . Therefore, T (R) is weak & —rigid.
(2)=>(1) Since T (R) is weak a-—rigid for any positive integer n, it

follows that 7(R) = R and & = «r. Hence, R is weak « -rigid. O

Given aring R, the trivial extension of R by R isthering 7(R,R)=R®R

with the usual addition and the multiplication

(1, m )1y m,) = (1, nmy +myr)
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. 0 - . . . r m
This is isomorphic to the ring of all matrices EO ), where r,m e R and the usual

r
matrix operations are used.
Let ¢ be an endomorphism of a ring R .Then « is extended to the

endomorphism & : T(R, R) —> T(R, R) defined by (y[(r mD:(a(r) a(m)) for
0 r 0 a(

¥ m
any( )eT(R,R).
0 r

Corollary 3.4 Leto be an endomorphism of a ring R . Then the trivial extension
T(R,R) of R by R is weak & —rigid if and only if R is weak o —rigid.

Proof Suppose R is weak o —rigid, then T (R) is weak & —rigid. Since T(R,R)

.. . . r.om . .

is 1somorphic to subring {[O ]lr,m ER} of aring 7 (R). So T(R,R)is weak
v

a —rigid.

Conversely, assume that 7'(R,R) is weak & —rigid. Let aenil(R). Then

a 0
there existsa positive integer n such that &”" =0. Let 4 =[ jET (R,R), then

a
a =0

Aenil(T(R, R))because 4" :[ .
a

):O. Since T'(R,R) is weak «a —rigid, we

have Aa(a=| 2 CJ[@@ 0 (_fad@ 0 ) rRR). Then there
0 a)\ 0 ala) 0 aa(a)

aa(a)' 0

existsa positive integer t such that (A&(A))’ :( 0 (@)
ao(a

) =0. Hence,

aa(a) € nil(R). Therefore, R is weak o —rigid. O



CHAPTER 4
ON WEAKO —RIGID RINGS

Throughout this chapter, all rings are associative with identity. In this
chapter, we defined weak ¢ —rigid rings which is a generalization of & —rigid rings.

By definition, we will show that a ring R is a weak & —rigid ring if and only if
T,(R) is a weak & —rigid ring, where & is a derivation of T, (R) extended by J . In

the case that R is a semicommutative ring, it is weak & —rigid if and only if R[x] isa

weak & —rigid ring, where & is a derivation of R[x] extended by ¢ .

Weak ¢ —rigid Rings
In this section we begin with the definition of the weak & —rigid ring and
introduce some properties of weak & —rigid ring.

Recall that for any semicommutative ring R, ni/(R) is an ideal of R and if

ay,4a,,...,a, €nil(R) thena, +a,x+...+a,x" e nil(R[x]).

Definition 4.1 Let R be aring andd be a derivation of R. A ring R is said to be
weak S —rigid provided ad(a) € nil(R) 1f and only if a € nil(R) .

By the definition of weak ¢ —rigid ring, we have the following proposition

and theorem.

Proposition 4.2 Let R be a reduced ring and 0 be a derivation of R. Then R is & -
rigid if and only if R is weak & —rigid.

Proof Assume that a reduced ring R is ¢ —rigid. Suppose thata € nil(R) .Since R
is a reduced ring, it follows thata=0.Soad(a)=0enil(R). If ad(a) e nil(R)for
ac R, then ad(a)=0 Since R is ad —rigid, we havea =0 € nil(R). Therefore, R is

weak & —rigid.
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Conversely, suppose that R is weak &-rigid. Let ad(a)=0for aeR.

Then ad(a) e nil(R). Since R is weak &-rigid, we havea e nil(R). Thus a=0

because R is reduced. Therefore R is & —rigid. O

For any subring § of aring R, let & be a derivation of S . It is easy to see

that & can be extended to the derivation § of R suchthat & [=§ .

Theorem 4.3 Every subring of a weak 6 —rigid ring is a weak & —rigid ring.

Proof Let S be a subring of Rand R be a weak & —rigid ring. Let ae S be
such that ad(a) e nil(S). Then ad (a)=ad(a)e nil(R) . Hence, a € nil(R) since R
is a weak & —rigid ring. Therefore a e nil(S). Conversely, let aeS be such that

aenil(S) so we have d(a)=d(a)eS . Then aenil(R). Hence, ad(a) e nil(R)

since R is a weak & —rigid ring. Therefore, ad(a) € nil(S) . O

Extension of Weak ¢ —rigid Rings
Let 0 be a derivation of a ring R. Let T (R) denote the nxn upper

triangular matrix ring over R. Then the derivation 0 of R can be extended to the

mapping & : T (R)— T, (R) defined by

4, ap a4, o(a.; 6., - da,)
5_ O a22 T a:u 0 5(0:: ) e 5((1:")
U0 - 4, Y U -~ Ota,)

a, 49, a,

e T (R), we have & isa derivation of T,(R).
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Theorem 4.4 Let O be a derivation of a ring R . Then the following statements are
equivalent :

(1) R isweak & —rigid;

(2) T,(R)is weak & —rigid for any positive integer 7.

4, 4, - a,
Proof D)= (2) Let 4= R T (R) be such that 4 € nil(T (R)).
O A

mi

Then there exists a positive integer m such that

ni

a, 4, - 4, (a,)" * *
0 a22 poe aZn _ O (a22 )’" e * — O .
0 0 .- a, 0 0 e (a,)"

Thus a, enil(R) for any i=1,2,...,n. Since R is weak & -rigid, we get
a,0(a,)enil(R) for any i=1,2,...,n. Hence, there exists a positive integer f such

that (a,6(a,))" =0 forany i=1,2,...,n. Let t:Max{t,.};izl,Z,...,n,then

ané‘(an) * : ) * *Y
_ S * 0 0 ... *
(A5(A))m= a22 (aZZ) 2 :0.
0 0 - ada) L0 0 - 0

Hence AS(A) < nil(T,(R)).

a, 4, v a

i

Now, let 4= “u | T (R)be such that A5(A)enil(T(R)).

0 0

nn

Then there 1s a positive integer m such that

m

a,(a,,) * *

7 L O A
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Thus a,6(a,)€nil(R) forany i=1,2,...,n. Hence a, e nil(R) for any i=1,2,....n,
since R is weak & -rigid. It follows that there exists a positive integers ¢ such that

(a,) =0forany i=1,2,...,n. Let t=Max{t,};i:1,2,...,n.Then

a, a, - aq, " (a”)’ * x ) 0o * * )"
0 S I L * NV

(A)In — . a2‘. C.IZH — 0 (azh) — 0 0 — 0 .
o 0 - a, 0 0 - (a,,) 0 0 0

Hence A e nil(T (R)). Therefore, T,(R) is weak & — rigid.

(2) = (1) Since T (R) is weak & —rigid for any positive integer n it follows

that T(R)=R and & =& . Hence R is weak & —rigid. O

Given aring R, the trivial extension of R by R isthering T(R,R)=R®R
with the usual addition and the multiplication

(’]an/"])(rz’mz) =(r|r2,r|m2 +mlr2)'
. . . . 3 . r m
This is isomorphic to the ring of all matrices i , where r,me R and the usual
r
matrix operations are used.

Let 0 be a derivation of a ring R.Then J can be extended to the derivation

5:T(R,R) >T(R,R) defined by 3[[r m]j:[é(r) 5('")] for any

: ! : é(‘)
O 4

Corollary 4.5 Let J be a derivation of a ring R . Then the trivial extension T(R, R)
of R by R is weak & —rigid if and only if R is weak &—rigid.
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Proof Suppose R is weak &-rigid. Then 7,(R) is weak & —rigid. Since
. : : rom

T(R, R) is isomorphic to a subring {[0 J| r.,me R} of thering 7,(R) , we can see
¥

that (R, R) is weak & — rigid.

Conversely, assume that T(R,R) is weak & —rigid. Let aenil(R). Then

0
there existsa positive integer n such that a”" =0. Let 4 :(g )GT (R,R), then
a

Aenil(T(R,R)). Since T(R,R) is weak & —rigid, we have Ag(A)enil(T(R,R)).

ao(a) 0 )' B

Hence, we can find a positive integer ¢ such that (45 (A4)) =
0 ad(a)

(ad(a)) 0
0 (ad(a))

J =0. Thusad(a) € nil(R). Therefore, R is weak §—rigid. 0O

Let & be a derivation of a ring R. Then the derivation & of R can be

extended to the mapping & : R[x] — R[x] defined by
5_(Za,x’ j = Zé(a,)x’
=0 /=0

for any Za,x’ € R[x].Then & is a derivation of R[x].

i=0

Theorem 4.6 Let R be a semicommutative ring, 0 be a derivation of R and

O(nil(R)) c nil(R). Then the following statements are equivalent :
(1) R isweak ¢ -rigid;
(2)  R[x]is weak & —rigid.

Proof DH=>@2) Let f(x)= ia,x' € R[x} be such that f(x)enil(R[x]). Then

a, e nil(R) for any i=0,1,...,n. Since R is semicommutative, we have nil(R) is an

ideal. Then a,6(a,) e nil(R) forany i=0,1,...,n and j=0,1,...,n. Therefore,

FOEF) = ax' )Y 8a )’y = Z[ Y ab(a, )}* & nil(R[x]).

i=0 k=0 \_i+/=k
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Conversely, let f(x)= Za,.x’ € R[x] such that

1=0

k=0\_i+ =k

@S = Z"j( S asa, )}x" e nil(RIx])

Then Z a,0(a,;)enil(R) forany k=0,1,...,2n.

=k

For k=0 then i=;=0, we have q,0(q,)€nil(R). Since R is weak & -
rigid, we have a, e nil(R).

For k=2 we have a,0(a,)+a,0(a))+a,d(a,) e nil(R). Since nil(R) is an
ideal and 6(nil(R)) < nil(R), we have a,6(a,) enil(R). Thus a, € nil(R).

Let /€{0,1,2,...,n} and suppose that a,k enil(R) for all m<I. We will
show that a,, € nil(R) for m=1.

For k =2/ we have ayo(ay;)+ai0(ay_)+---+ad(a,+--a-oay) € nil(R).
Since nil(R) is an ideal and o(nil/(R)) c nil(R). By induction hypothesis we have
a6(a;) enil(R). Then a; e nil(R). Thus,a,, € nil(R) for any m=0,1,2,...,n. Hence,

f(x)= Za,x’ € nil(R[x]) . Therefore, R[x] is weak & —rigid.

i=0
(2)=(1) Since R[x] is weak & —rigid and R is a subring of R[x]. Then

R is weak & —rigid. O
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o CHAPTER 5

CONCLUSIONS

Throughout this study, all rings are defined to be associative with identity. For
a ring derivation & of a ring R, we defined a ring R to be a weak & -rigid ring if
ad(a)enil(R) if and only if aenil(R) for any aeR. We determined the
equivalence of the weak & —rigid ring R and the weak & —rigid ring R , the extension
ring of R as following :
1. Let & be a derivation of a ring R. Then the following statements are
equivalent :
(1) R isweak & ~rigid ;
(2) T,(R)is weak & —rigid for any positive integer 7.
2. Let & be a derivation of ring R . Then the trivial extension T(R,R) of R
by R is weak & —rigid if and only if R is weak & —rigid.
3. Let R be a semicommutative ring, ¢ be a derivation of R and
o(nil(R)) c nil(R) . Then the following statements are equivalent :
(1) R isweak ¢ —rigid ;
(2) R[x] is weak ¢ —rigid.

For further research, we can investigate some properties of weak & —rigid ring

and find relation between weak & —rigid ring and other rings.
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Abstract

For a ring derivation Sof aring R. We defined a ring R to be a weak §-rigid ring if edla) € nil(R)
if and only if a € nil(R) for aay 0 € R. Whea Jis derivation of Tw(R), the n x n upper triangulat
matrix ring, extended by 4, we prove that R is weak &-rigid ring if and only if TW(R) i wesk
$-rigid ring. Moreover, if R is a semicommutative ring é(nil(R)) C nil(R) and §is derivation of
the polynomial ring R{r] extended by &, R is weak §-rigid riug if and only if R{z] is wesk d-rigid
ring

Mathematics Subject Classification: Rings and modules theory
Keywords: Derivation, Weak d-rigid, Semicommutative ring.

1 Imtroduction

Let B be a associative ring with identity, 6 : R — R is a devivation of a ring R satisfying the usual
sum and product rules for derivatives: §{a + &) = §(a) + 6(b) 3nd d(ab) = &{a)b+ ad{b] foralla,be R.
The polynomial ring with an indeterminate z over R is denote by Rfz]. An element ¢ in a ring Ris
called nilpotent if there exists a positive integer n such that ¢® = 0. Set of all nilpotent element of
R are denoted by nil(R). The n x n upper triangular matrix over R denoted by Tn(R). A ring R is
called semicommutative ring if for any element a,b € R satisfy ab = 0, then acb = 0 for each ¢ € R.

According to [2], for a ving & with a derivation d, we called a ring R to be é-rigid ring if ad(a) = 0
implies @ = 0. In this paper we defined the weak §-rigid rings which are generalization of §-rigid
rings. By definition of weak &-rigid rings we will show that a ring R is a weak &-rigid ring if and only
i Ta{R) is a weak d-rigid ring, when & is derivation of Tx(R) extended by 4. And in the case of R
is a semicommutative ring, R is weak &-rigid ring if and only if Riz] is weak d.rigid ring, when § is
derivation of R(r] extended by § . -
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2 On Weak §-rigid Rings

In this section we begin with some lemmas and intcoduced the weak é-rigid ring.
Lemma 2.1 ({11), Lemma 3.7). Let R b a semicommutative ring. Then nil(R) is an ideal,
;:amma 2.2 ({11], Lemma 3.8). Let R be a semicommutative ring. If 69,4y, ...,05 € nil(R) then
fée;z‘ € Rlz] is a nilpotent element.
Definition 2.3. Let R be a ring and § be a derivation of & A ring R is called a weak derigid if
ad(e) € nil(R) if and only il a € nil(R).

By definition of the weak é-rigid ring, we have following propositions and theorems.
Proposition 2.4. Let R be o ring, and § be o subring of R. Then nil(S) = nil(R)N 8.

Proof. Let a € nil(S), then g € S and there exists some positive integer n such that a® = 0. Since
S is a subring of R, we have a € R and there exists some positive integer n such that a” = 0. Thus
a € nfl(R). Therefore a € nil(A)N .

Conversely, Let a € nil(R) N S, we have a € nil(R) and a € 5. Since a € nil(R), thare exists
positive integer n such that ¢ = 0. Hence a € nil(S). &

For any subring & of a ring R, let & be a derivation of 5. It is easy to se that § can be extended
to the derivation & of R such that d|s = 4.

Theorem 2.5. Every subring of o weak &-vigid ring is & weak §-rigid ring.

Proof. Let S be a subring of R and R be a weak J-rigid ring. Lat a € 5 be such that ad(a) € nil(3).
Then 6d(s) = ad(a) € nil(R). Hence a € nil(R), since R is a weak J-rigid ring. Therefore a € nil(S).
Conversely, let @ € S be such that a € nil(S) we have {a) = §(a) € S, Then a € nil(R). Hence
al(a) € nil(R), since R is a weak d-rigid ring. Therelore ad(a) € nil(S). Q

Let § be a derivation of a ring R. Let T,(R) denote the n x n upper triangular mateix Hog over
R. Then the derivation § of R can be extended to the mapping & : Tu(R) — T,(R) defined by

ay @12 0 dga dlan) Sfej2) - dlaya)
i 0 ayn = e || _| O dam) - Sag)
0 0 M - P 0 0 = J(am)

@y 43z - Ay
92 3n 1 € T,(R). we have § is a derivation of T, (R).

for any )
0 0 - ¢

Theorem 2.8. Let § be o derivation of & ring R. Then the following statement are equivalent :
(1) R is weak b-rigid.
(2) Ta(R)is weak o-rigid for any positive integer n.

81 @17 ot Oyn -
Proof ()= (NLet A= |0 %2 " 0| o g be such that A € nil(Ta(R)). Then there
0 0 vee c“”
exists some positive inteéger m such that
an 8;n - @\ {an)™ -
il Y I =0

0 0 e a'\ﬂ 0 0 e (ann)m
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Thus ey € nil(R); i=1,2,...,n. Since R is weak d-rigid, we get aidlai) € nil(R) : i=1.2,....n.
?o;i\cra cxisht:nposiﬁve integec ¢; such that (aidlau)) =05 {=12,...,n Let ¢t = Max{t,}; i=
B TS 3

0»11‘3(411 ) . e + tn 0 * . w\"
(AHAN™" = o axé(en) - . e o <
0 0 P 1 6 0 o

Hence A3(A) & niltTn(R)).
en a5 -+ Gia

Now lot A= | O 92 " @8} ¢ T (R o such that AB(A) € nil(TaR)). Then thare is

some ‘positive iuugotom auoch nlnt 7
a11d(au) * * i
(A= | 0 cwdleml ] =g
' 0 0 o 2nal(Gen)

Thus egdlas) € nil(R) ; i=1,2,...,n Henoe gy € nil(R); i =1,2,...,n since R is wesk J-sigid.
‘So these exiats some positive integer I, such that (2,)" =0; i=1,2,...,n. Lett = Man{t]}; i=
1,2,...,n, thea

Gy * e - (a.”)' €. e e A\ (] o ..o o\"
" e ; ' LI ) [ R X}
TOES IR I B S AL I

[~ ]

8 0 -~ daa 1)) (5] ces (a“)‘ 1] G

Hence A € nil(Ta(R)). Therofore In{R) is weak S-rigid.
(2) = (1) Let a € nil(R), then a® =0 for some positive integer n.
- fe @ - O
Led=| @ O 0 O emR), then A€ nil(Tu(R). Since Ty(R) is woak S-igid,
¢ @ ... 0

af{a) O - O

w=| 0 0 ) enuman.
)] o .. 0
Thus a8{a) € nil(R). Now let ad(a) € nil(R), then
eb{e) O --- 0 ‘a O - 0 a 0 [V
LA £ At 1§ Bl § B O
6 0 - 0 0 o 0 0 0 0
a 0 0
Since Ta(R) is weak brigid, wehave d = | © ¥ 7 O | € ait(Tu(R)), and 20 ¢ € willR)
0 0 .. 0
Hence R is weak é-vigid. a8

Given a ring R, the trivial extension of R by R i the ring T(R, R) = R& R with the usual addition
and the multiplication

(r1,my){re, ma) = (rira, rima + myre).
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This is isomocphic to the ring of all matrices (; 'rﬁ), whete r,m € R and the usual matrix operation
are used.
Let § be a derivation of a ring R, then § is extended to the derivation § : T(R,R) - T(R,R)

aesnuzbys( r ';‘))a e ";((’:f):orwy (0 f)eT{RJi)

@orollary 2.7. Let § be a derivation of ring R. Then the sriviel extension T(R.R) of R by R is weak
3 -rigid if and only if R is weak é-rigid.
Progf. Suppose R is weak é-rigid, shen T3(R) is weak J-rigid. Since TR, R) is isomorphit to subring
{(E ’;’) frm € R} of a ring T2{R). So TR, R) is weak 3-rigid.

Gonversely, assume that T(R. R) is weak J-rigid. Let a € nil(R). Then there exist some positive

integer n such that ¢ = 0. Let A = (; 0) € T(R R), then A € nil(T(R, R)). Since T(R,R)

is weak J-rigid, we have A§(A) = (aJ‘(;:) aJ!:a)) € ml(q‘(R, R)). Then there exist some positive

A1t
" integer t such that (Aé (A))' = ((aﬁu)) 0 ‘) = 0. Hence ad(a) € nil{ R). Therefore R is weak

0 (ad(a))
Srigid. @

Let ¢ be a decivation of a ring K. Then the derivation § of R can be extended to the mapping

& : R{z] » Riz] defined by
$(3 ') = Byt
0 pur’

For any f: a;s* € Rz), such that § is a decivation of Ris}. -
A

L] .
Proposition 2.8. Let R be a semicommutative ring. If 3. et € nil{Rx]) then 4, € nil(R) for
A prer B
anyl = 0,1,..

Proof. Let f(2) = )ﬁ u,z' € Riz]. We will show by induetion on n that if }: a,z' € nil(R{z]) then
a; & nil(R) fox any I -9. ... I n=0, we have ag € ml(ﬂ[r )- Then ao E nil(R).

Now suppoee that k is a poﬂtiva integer such that i }: 2,28 € nil(R{z]) then a, € nil(R) for
n < k. We will show that if 2 a;z! € nil{R{z]) then g, € nil(R) for n = k.

Suppose a9 + ayr + -~ + ax:‘ € nil(Rjz]). Thus eo.e; € nil(R) and hence ag + arx* €
nil(Riz]), which implies that a;z + - e 78~ ¢ nil(R{z]). By induction hypothesis we have

Q1.0+ <1 8kay € HI(R). Therelore if Z aiz' € nil(Rjz]) then o; € nil(R) for anyi=0,1,....n. @

Theorem 2.9. Let R be a semicommutative ring, § be & derivation of Rand §(nil{R)) C nil{R).

“Then the following statement are cquivalent :

{1) R is weak &-rigid.

(2) R#)is weak &-rigid.
Proof. (1) = (2) Let f(x) = }: a;z* € Rz be such that f(z) € nil{R{z]). Then a, € nil(R) for any
i=0,1,2,....,.n. Since R is semiwmnwuﬁve. we have nil(R) is an ideal. Then a/(a;) € nil{R) for

any i,j. Therefore f(z)é(/(z)) = (:z;,o a:z’)( %6(«;)&) = 2,( 2. aidlay )) z* € nil(Ria)).

{4 yesk
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Conversely, let f(z) = }, air' € Rir] be sueh that f(z)é(f(z)) = é?o (i ?kagdta,-)) ™€
g
nil(R{z]). Then ): a;&(a,) € nil(R) for any £ = 0,1,2,...,21. '
Hhk=0we hawe i= j =0, thus 05d{aq) € nil(R). Since R is weak §-rigid, we have dg € nil{R).

Il k = 2 we have aod(as) + a18(a;) + asd(as) € nil(R). Since nil(R) iz an ideal and §{nil(R)) C
'ml(ﬁ)‘ we have a18(a;} € nil(R). Thus ay € nil(R).

I{ k= 4 we have apé(ay) +a18(ag) +a78(a3) + e3d{a)) + 248(0g) € nil(R). Since nil(R) is an ideat
and §(nil(I)) C nil(R), we haveé a3é(ay) € nil{ R). Thus ay € nil(R).

Continuing this procedure yield that for any i = 0,1,...,n, a; € nil{R). Hence f{z) = i‘, eixl e
1==0

nil(R{z)). Pherefore Riz]is weak J-rigid.
(2) = (1) Since R{z) is weak é-rigid and R is a subring of Rlz}. Then R is weak d-rigid.
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