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Abstract

In this research project, we study a new iterative method for finding a common
element of the set of solutions of a new general system of variational inequalities problem
for two different relaxed cocoercive mappines and the set of fixed points of a nonexpansive
mapping in a real 2- uniformly smooth and uniformty convex Banach spaces. We prove the
strong convergence of the proposed iterative method without the condition of weakly
sequentially continuous duality mapping. Our result improves and extends the

corresponding results announced by many others.
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C o Jumogesves XN war T - O — C Sudladvu donudlandu 0 X — 23 fnusiee

(cduality mapping) dune 31 6 X Wuisgiidadse wi J = 1 dlo 1 Huiladtuiendnuel
uafmﬂim'widw 1 N ugigll smooth uds J agluilandusisles (single -valued) uasifiou
WUFIE

dwduilandu £ O o ¢ venanindu contraction U C iAo € (0.1) 7
Vil [ f () - Pl < alle = gl Feoy € C uasdmusldt He unugmuaayn contractions
U C namie e = {f]f : € — C contraction} fmumbs A : ¢ — X WuileddunuulahBs
WU azsondandy 4 0

(i) L-Lipschitz continuous (W3s Lipschitzian) 9adaiasil L > 0 $vinli
TAr — Ayll < Liie — g, Vaeoy e

v

(i) accretive anil =y e Tl - y) vl
(Av— Ay, jlr —y)) > 0. Veye;



st wijgeniaiewitymesunsniswusduwildniounsussynd

oo

(i) - inverse stronely accretive £l jla—yy e Jlo —y) wayr a > 0 Fiviler
sy JLL
(Av = Ay jlo —y)) > allAr — Ayll®. Y.y e C;

(V) relaxed (¢.d)- cocoercive N1 Jlr—=yl e Jir —y) WAZAPT cod >0 ﬁﬁﬂ,ﬁ
e Ay gt —g))y > (ol Ae = Ayl +dllr - it Yooy e C

devluinde  lelienudveslgmeaunisnsudsdulud3nglizadss sanluwidetdeslise
axdunafiddnreslymeaunismswdstiuludigluiuna &l Tule . 2006, Aoyama et al. [ ]
%, e oo ey A @ YY) o e o o y .
WusisuAnwJgmeaunismanysiufignualeiilulusgiviwe leofmueld 4. C > X

Duilsddiu accretive Unymsaumsminsduvignanoiilvlugigiuime Aonsmamnin
ote Cvilv

(Ae* e — ") > 0. Yo e O (2.3.1)

T () dudymithaulaun Wosndermdenlosiudomansdwesferunuuliis
W wardymmavnaininaude wilsridu accretive lulBgiiunuia %qmmmmﬁﬁmjaLﬁmaulﬁ”
Panas [ )

Tuidm . 2010, Yao et al. [ ] Anwiszuuwesedunisnisuusiumluludigiviune fi
WA B¢ — X Wuilaidu {]zw'ﬁwwmaamﬁmsLmiﬁuﬁﬂiﬂuﬁgﬁmmﬂ F9 nTUIE
0N () e C o C fvilox

0. Voe(.

(Ay™ + .07 = =) o
A " ..
{ V>0, Vae (. (2.3.2)

(B g — a7 jle )

AVANAY

wazwmveIna@agvolau () Wouwuig Q uenainil Yao et al lédnwivguijnisgin
oty () dlall

Theorem YNNLY. fwunlst Ciluwngosta aaunnd wayliilumniawsauigl uniformly
convex Way Z-uniformly smooth Banach space .\ %ﬁaﬂmﬁadﬁau% weakly sequentially
continuous duality mapping T Q¢ \Juileridiu SuNny nonexpansive retraction 990 X Ui
09 C fmunld 4. B : € — X Juiladdu a-inverse-strongly accretive uay d-inverse-strongly
accretive snud sy 0uf o > A2 uay 3 > K2 auyElY Q) # Oway o € C dvuald {2,

o o

Wudduiifnannd unauiami et

Un — (2('(-147: - B-l'n)-
Tyl = apu+ Spay +3,Qc (yn — Ay ). 1> 0.

Wo e, (30} way (4,1 WHudsuly (0.1) Sadas {on} A8, way {4, ) aeandaaiaulyse
il

Yoy, 4 A, +, =1, v >0

() Umy, ey = 0088 3707 oy, = oc;

(i) 0 < timinf, o B, < Umsup, 8, <1
WAIEU (o, ) aluuung Qo do 0 WHuitandu sunny nonexpansive retraction 270
T
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MoIU ALA. 2011, Katchang waz Kumam [ | Anwisyuutossaunisniswusiui iyl
Uigilumnedail Mvweld A B+ ¢ — X Wuaeefleidu Katchang uag Kumam fiansantlym
NSPIELTN (2. y*) € C x C il

AAYy + 0 =y e =) > e () .
{ (B + y* — 7 jle~ ) 20, Ve (. (233

&

wavanalaayreslywn () Weowwnuean O, wenaind Katchang way Kumam 19wey]

Y

MBI A RE VRN

Theorem KK. T (" iWuwmdosis aowind wasluidus M 19909U5011 uniformly convex uag
2-uniformly smooth Banach space X Baaanadpianly weakly sequentially continuous
duality mapping fwuali S ¢ = Cduiandu nonexpansive Uay Q¢ Wulaidu sunny
nonexpansive relraction 910 N WREs @ fvuals 4B - ¢ o N (Duileidy Jinverse-
strongly accretive Wiy 4-inverse strongly accretive mud e lagit 3 > AKY uay 4 > ph?
do I L“@‘u 2-uniformly smooth constant of X 1 I Wuderidy contraction uu C wiauen
dulsy ama a €01 mwlm = N F(S) £ 0 uas g = o € Cimuali {r, ) Dudeiu
WLﬂ@WTﬂWUWQUJSW’VUT (ﬂﬂu

Yn = Q('<<l'n - /I'B-('n ).
T “nf(-“z) e [jll‘I'H 43 ")HS(«)(‘(UN . /\A((/,,). no = 0.

W8 {o, b { 2) uae o, } Wil (0.1) 1869 {a,}. {8, } uar {1,) aesededouly
(o + 3, 49, = L Y >0

(i) Uim, e = 0 e P N e
(i Hy, < 1

Wy {, ) guvudng o = Qrf(E) uay (b g) Wunawarweadom () e ¢y =
Qclr — pBarywoe Qf Vs sridy sunny nonexpansive retraction 970 (7 Tuvhis a

i) 0 < liminf, e 4, < limsup

Tt

v
% 0O 0 e W o« ow

msUszanumvnatagveslym () Tnglidumeuigvihanfhiss dnwvegese o was
sansadnyideyaisinlinenas [ - ]
s idilsaula@inudymmsmanndn (o, y*, 2%) € C » C x C Tl
AiAry et =yt gle=a) > 0. Vo e C.

=
Modoz" 4 y" — 27 jla =y )> B (g e (2.34)
(AgAgr™ + 20— 07 jlr = 27) =2 0. Ve C.

fasunsyuvniiasy UwrﬂﬂLmulmmmaammsm‘swswuiuﬂ“nmmum g 4, C 5

N Wudandy way A, > 0 dmdu s = 12,3 nsdlaniyansiuin da Az =0 uar =" = 0" win
Ugym ( ) g w,nmmi uileym ( Y uonantl onnuaulali A — 1 dwmSu i = 1.2 uds

Jym ¢ ) wgmgﬁzyw (S

Iﬂiﬂﬂ'}ﬁ%’@ﬁuﬁfmgﬂixmﬁﬁﬁﬁz@ o a¥a5eTuTE v B §1msu s Ussn e v g
waysmves Jynigaess ﬁummaammﬁmw 2 nsaldt A, Fuitaddy relaxed (ciody)-
cocoercive 85U i = 1.2.3 snudsu Inoswandunaruanaliludonwosuni
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IS ] ¥

(=]
2.4 NOWHMNY IV
domilaslianeanBunitadyaiio wqwgw unsa (Lemma) warpsdaTuidur i
Suduiunsfigainmuiimsgdiluond - Tnefidomaszddndtsioluil
Al ¥ dudioivinn uar U = {r € X Jlef = 1) unit sphere 993 X

WwBYNUINE X M uniformly convex fdmIunsay « € (0.2] azilaagea § > 0 Fvilddniy
wiay Ly e U o

o RN ] L
N Gl B N

wFunWIntunesuuu X 91 Gateaux differentiable 9188304

iy A Pl = a1
t0 {

wienlsdmiuusiay oy € U vaglunsdiae gEenUsndl X 31 smooth

%Smwﬂ@ﬁ%’uuaému X 77 uniformly Frechet dfferent/ob e norm 0Padeuee (1) wen
Towuuengy (uniform) dmsu vy € U meﬁii{i%ﬁmmﬁgﬁ X 41 wniformly smooth fvun
Hafts p o [0, ) — 0. ) Tefloniloy

(e + gl + il =gl =10 ey e X o]l = 1 lyll = 7}

[\.«l*—‘

p(7) = sup{-

ﬂ‘“u"mﬂ&ﬂﬂu 0 1 modulus ofsmoothness 991 VW Huiivsud Xy uniforml y srnooth 1
audle lim, ap(T) /T =0 uen mmmmumiu gAUHEMI U gl ail 1 < g < 2 9luninll
I A\' T qunifornly smooth-811mR7 > 0 Al ey < erd dwsunnAl 7 > 0

weNINTA WS ¢ > | Susilridu Joi N s 28 fvuelae
Jylw) = {f € X7 (o, f) = [l ] = fall =) v e X

waz Sun ATy Jq m‘ﬂmﬁmmm mmmuwﬂﬂ (generalized duality mapping) Nstiiawizay
W 01 g = LHJWW%U Jo av10W normalized duality mapping (W3e  duality mapp/ng)
warlaovilUavWouwnusing /o = J wogon X LUuUmmawsm wan J = I uenantaudin

o

a“wmwasﬁqﬁ?au generalized duality mapping ., svsuilse
D J ey = Rl 2 Lty @miunn o€ X lowdi o # 0

(2) ](/(z‘z) =171, () @ wiunn o e X ua f € [0, %)

3) Jy(—a) = ~Jy(0) dmiuyn e X

2 ¢ as

Juitsrutuin 6 X LUU‘Umm smooth ka7 (Juilandusnsen waylouuwny

s wadeulniiddyvosileddy ‘m[folummﬂmmwgmﬁamﬁ P weakly sequentially
continuous Beiiomsad oz dun duality mapping j 91 weakly sequentially continuous 7
SWIuurasd U (o) © X Wedt o, o 0 95 () — jr) weakly-x yonan e
é”wffﬁyumtféaulsui Ao i X aenerdauiouly weakly sequentially continuous duality mapping

wes N iuBgil smooth wasdnyiswasdemissiyleain [ ]

msfigadvguivnnsagdnvesssleuiBvhoiiaiiuluund - Sulusesoduuneed
drnyssolull



ISR NG UT998) NLWE)LL/‘TI](Z/?/HUNJJZ7 nmiwwwJZ?/ivseJ;zm sUszgnst 11

unag 2.8.1. ([ DI X 41’72‘1?/9541717 q-uniformly smooth Banach space WiDuAIAI] 1 <g <2
221977

e S L gy S ey 2Ny
F19sU w.y € N o I iy g-uniformly smooth constant 983 X
unie 2.8.2. (DI N WudFpiunne owlia)
Lo 4 g2 < ] ? Wy jle+y)., Vieeye X

o Jlr+y) e Jir-+y)

unda 2.43, ()1 {a, ) uaduvesT o3 mlaei
paet <AL= ,0a, Fo,0 0> 1

o {~,} 1Tue 60l (0. 1) was {3} vl
(305 =
(i) limsup, . 0n /10 €008 3 20 10,] < ~

1as Uy, a1y, = 0

W ¢ Huandovln asunng werliluaniiswesinl smooth Banach space X waw
D Juwsdoywes C 9xBunilandu Q: C — D sunny 1

QLQur +t(r = Qu)) = Qu

W8 Qe+t — Q) € C w30 e Cuay 1 > 0 wazazBundlandu O . C — D 11 retraction
6 Qu = 2 dwduusiay - € D uonainioyBonalaidy Q 1 sunny nonexpansive retraction
90 C lUine D aaridu Q Hustaileidu retraction 990 ¢ lUinRe D sastaduiteri sunny
LHE nonexpansive wonINLarRunwages D 389 C 3 sunny nonexpansive retraction Yod
C §ilWaidu sunny nonexpansive retraction 210 C T D

Tudeiiaainfuiivsuiuid i X @uuingisadse udamei®u sunny nonexpansive
retraction Q. A9 metric projection 970 X Wil C a9

unAs 2.8.8. ()15 O dhumagasi ABUONTYaN/Snil smooth Banach space X dwualy
D umagogves C uae Q ¢ = Daduiladsy retraction awZﬁﬂérﬁ)’ﬂs%m’@Zﬂﬁ%y%/af?’u:

(@) Q DUy sunny uay nonexpansive

() 1Quw — QulI* < (0 — 4. j(Qr — Qy)) Yy € C

() ir—=Qu. jly-Qr) <0, vrcC.yeD

unas 2.4.5. ()10 X ihudind strictly convex uax uniformly smooth dwuald T . ¢ = ¢
Wity nonexpansive lagii F(T) # 0 a¢ls 7 F(T) i sunny nonexpansive retraction
Yo9

uney 2.4.6. (1 107 Ly} wae (g, ) iudduiidvounludsoduine X usy (b, ) sy
Ty [0.1] logil 0 < tim inf, o~ b, < lmsup b, < L amusly . thaor = (L=0)y, + 0,0,

AR

Zf’]W?i/‘U n 2 Libae lim SUP,,. >,x(‘;!/n [ ,(/NH - H‘I'H—H IuH < 0 ‘L/Z Ufﬂ,, > ‘“/n J'HH =1
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unas 2.4.7. () I3 O iflummdos AouIngvesUind strictly convex Banach space X
munlyl T) wae Ty (Juileridiu nonexpansive 990 ¢ 1 C Toes (T, YO F(Ts) £ 0 51vus
g S lng

Sr=Njr+ (1 - \NTor. Vre O

o A (Durmeialu (0.1) 951879 S (Thiitarsu nonexpansive dag F(S) = F(T)) (" F(T»)
unRe 2.4.8. (| 15X {50 real smooth tae uniformly convex Banach space 11719us
i r > 0 eeldid strictly increasing, continuous #as convex function g:0.2r] 5 R il
g0) = 0 lag g(lle = yl|) < [lo|= =20 j(y) + lyll* dmsy v,y € B,

UnRg 2.4.9. ¢ Dlyx Lf/m/?ﬂﬁ uniformly smooth Banach space Uay (' ihummgaats s
109999 X mmualy T . C — C idlusleridu nonexpansive Inei F(T) # 0 uazly / e Il

wldnawu {o ) derulog oy = #fe) + (1 — T, g uvuitugandnly F(T) o 1 — 0
wenentl d7ieuler T Qe > F(TY 1oy Q(f) = Umy oy Y € I uda Q(F) urf
Tywroaunsnisudsei:

(L= FIQUF) JQUf) = p)) <0. Yfclle. pe F(T)

unie 2.4.10. ()1 C iumedsstn ponduazliilumninevesind 2-uniformly smooth
Banach space N fwuawnyu A - O — X il relaxed (c.d)- cocoercive tae L 4—

Lipschitzian 951677
I = Ad)a = (I = NAWIE < e = gl* F2006LY — N+ B2A2L%) e — )2

o /\ >0 uay N iy 2 -uniformly smooth constant 989 X [ute999599245477 67 0 < A <
d=cl?

Tt A I — A ifuiterid nonexpansive

(2
e o

de‘\]UWQU{]‘UWﬂWiﬁL"U WTLUU@BNE}QW@J@?WU’UV}G Q“Vhﬁ'}ﬁm MU

unae 2.4.11. 15 ¢ 1iummeon T nowtens uag lithan 719999U50d 2-uniformly smooth
Banach space X wipum e 2-uniformly smooth constant I iimuald Oc 10uslersi
sunny nonexpansive retraction 1) Y Iy ¢ Awsunas i = 1.2.3 mueld A, C —
N ithuilentu relaxed ((',.(//)—Co(ioor(/ve uag L -Lipschitzian 15 G+ € o C fuiersud
nsunlay

(Arv(ll') = (2( ' {(2(((2((1 - )\;;‘4;5.1') - ,\3:1-_)(2(‘(.1' - /\3:1;;‘1‘])
_ \1‘41(2('((2('«1' — /\:;fl;;.l') — /\2;’1-_;(2('(.’1' — /\j;fl;;.l'))} . Vee (O

070 < A< /, ,, 5177/751/ P =1.2.3u487 G C — CJuierd nonexpansive
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daod. dwdu oy e Clasuwin ayld

Go) = Gl = Qe [Qe( QT = Mg Au)a — NodoQer (1 — \yAy)r)
= A ANQ(Qc (T = Asds)or — M AsQe (T — AyAg)r) ]
— Qo [Qc(Qcld — AsAs)y — MAsQe (I - A3 Az)y)
- A Q(Qe (T = Ay — M ArQe (T — Ay Ay)y) ]|
S NQAQe T = Az As) — N\ AsQc (I — Ny Ay)r)
- M AQe Q! — \aAg)e — Ao AaQe (T — AyAy)r)
= [Qe (Qcll = NgAs)y — AAsQc (T — Ay Ay)y)
= M AQc(Qell = Xsdz)y = Mo AQe (1 — Ay Ay)y)] |
= [ = A ANQc (I — XA Qe (I — Ayy)r
= =AM ANQ (L = \dn)Qc (I — Ay Ay)yl!

< o~y

Aot G Uit gy nonexpansive []

unAd 2.8.12. (1 )1 X iuvipd smooth Banach space uas ¢ 1ilummngontn aoung ual
dhugmdnyes X dmuald Q¢ (luilad s sunny nonexpansive retraction 990 X ¥aie C uge
4; 0 C - X uilsrduuvuliGaduleg dmusld oy 2 € C 91897 (o, y*. 2*) (Tuna
wagvetiyn ( )597@&17"8 e F(G) Yyt = Q2T = A A ) uay 2 = Qe (e — Ay Agr™)
o G ihuledsuitionmloounss

mﬂimﬁw%maxLtmﬁma<1mwi:mmﬂ'mwaLaawm;zwﬁ'ﬂm@aaaymﬂ'mLmiﬁu
Tusgivinauay Jymigesdsdmduiladdu nonexpansive driululasanisisei 133Ul adns
sudouiiving Lﬁ'e}Uwiﬂmﬁ’W’maLilaUiliiJStJE)Q?;EUU“;ﬁhJEUENaaﬂmﬁﬂ’ﬁLLUiﬁquU%QiUTNWW
warUrymygemdsdmiuilandu nonexpansive 3';mﬁalﬁﬁgjﬂﬂwqwﬁuwm5@jL%W"Umauﬁvuiﬁﬁwsgw
fasratu TnoswasiBonazuansluidonave sumdl



undi 3
ASANUUNISIVY

Wowluuntl @iFeiauesslovigimauneldlunsssinuaminaiaysmeeaseuy
waluwuvlmiveseaunis msudsivluUigliviwne warUoviannisuosilandu nonexpansive

2
o =

w%amﬁaﬁgﬁﬂmw{]mﬁ@L%ﬁ'm%/ms;Lﬁjuwi%ﬁ'wgwﬁag'mmuzjmaLa@wiama@{]zwﬁméw UBNIIN
51ﬂﬁﬁaasmﬁﬁ?ﬁ@%aqﬁﬁﬁﬁu%@aamﬂﬁmﬁuﬁiauiwawqwﬁuwwé“ﬂ 30 Haununsniisniy
SusunsUssaeuan v naeau s s veatlynigaseiusruuve seaunsns wUsiul ludind
v Saiuesdnnifisdusard dgeduiiunsiluuseyneld FamInenaansusans
warIvgmandtseynd

3.1 sudsuasuszunuatwuulud

suiluriBvindiikilunsnisUssinueainasaae s ur o 15s uuT lUpuulniveseaunig
msudsiulutSpiiviwne wasYgwgaesaveailesiu nonexpansive lnoilillewansedrdsei:

T O Wuwadonln pounnduwasiiduaniesdiglvima X Mwuald o € C uae
{an Y Ayn}. {20} uasiuinwualay

“n = (2('(-1;71 - /\3/‘13-1‘”%
Yn = Qe (7 — Aoz, (3.1.1)
TR {Iﬂf('l.ﬂ) + bu-l‘u -+ (l Ly /)17)5(2('('.(/17 - /\1441,(/11)- n =1

G0 4,0 5> N.Qr XN o Cuae S F 0 Cros Calluiladd, A, > 0 d@mdu i = 1.2.3 uay
{an}, {bp ) Wudwilugas (001 dmiunsfigaivguiunnisgidy svnansvesidualuilon
poly

3.2 NuN1saIluuLY

nsdnynguiinsgdiressadeui®ie () duawavimvesssuuinluuuyli
geapaunsmswUtuluUigivinewey Tgymaeniwesilsiduuuulilunng aannnsidewumgu]
warodnuiluaiddydasialud
vgwiun 3.2.1. 1§ X 1Tu5oil uniformly convex uae 2-uniformly smooth Banach space

WA 2-uniformly smooth constant I nmualy C ifusndoetn aouind uaxluidu
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W0 I9%09 X uay Qc 1uileriou sunny nonexpansive retraction 910 X 1Ushds ¢ #msy
UeAY i = 1.2.3 afl/lq/é? A C = X (Tuslen s relaxed (¢;.d;)-cocoercive ihag L,-Lipschitzian

lmef 0 < A, < ’I*—ll— I8 f ithailerisiu contraction wioummsss o € (0. 1) upy S - C — C
Wit nonexpansive Il Q = F(9) NFG) # 0 de G lusitermui ey luume

Mvualy o ¢ Cuas Loy Ay ) (o0 iduasuiidmualang

Iy = (2("((1‘” — /\3/‘1;5‘1',,).
Un = Qclz, — AaAzz,). (3.2.1)
EOT (’H,/[(J'u) + [)u‘l‘u f- (1 At nd [)II)‘S(-J('(!/N - /\IAI,[/H)- n 2 1

o {u,} uas (b, ) (uaesuly (0.1) vl

(CDOUm, aoq, =0 uae S o =0%

sl =

0elad7 {0, } gilmvudg o ¢ Q arameaunismisuysei:

(C2) 0 < liminf, o by, < Um Sup, . Iy <. 1

4= flg)jlg—p)) <0 ¥felle. pen

3
i

Ageu. nsiigavlauusoanitiu 5 funpu sasaliUil
Jumoy 1. xuanadn {r, ) JJudsuiisvaume
W e Quar £, = Qc(y, — Ay A gn) 3INUNS 3 Al

2= QQ Qe (0T = Nydyr™) = N Qe (07 — AzAsa™))

- /\|:ll(2('((2('(.l'* = /\;;A;;.I’*) - /\-_).*1-_)(2('(.1‘* — /\154—135.1'*))J

Avue L9 gt = Qe (=M = M) wab ot = Qe (0 = Ay Agrt) gld ot = Qcly™ — N Ay*)
el

T ”I/f(«"u) -+ /)11"'/7 + (1l -a, - /'11]5”:1
Pnunes - agla d — \ 4, (0= 1.2,3) Wuiladdu nonexpansive lnsnzagtiu

“fn - -1'*H = ”(2('0/77 w /\1-4],(/N> 3 (2(7'(.{/* - '\IAI,’/*H' f H,’/u - ;1/*}'

= [[Qc (2 = Nadozy, ) — Qc (=7 = Apdoz)|| < |20 — 27
= Qe = Ay A ) QA = Xy g™ )| < [l — 2| (3.2.2)
way [1St, — ol < It — 2| neaunts O ) vinlwlen
;‘(1’714 1 — fx“ = H”uf(fn) + l’u-l'n + (L -, - /)n)an - H

AN

anll o} =l = (L= = Bty = 07|
nllf Con) = i (L= @) g —

anallr, =+l Fl) = ) (1= an) e, — a7
anllf (™) =" 4+ (1 = a1 = o)), — o7

IA A

Il
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lagmsguilpaslen

H'l'n 1 -"“H < max{

— =7}

LfCr) = a7
1

— (1

w1y gyt Lo} udduiidvoums weil {4, ), (20, {00} {4y, ), {Aozn ), {St,),
(Flea)) uay { Ay, ) udsuiiiivaumweasy

ﬁguwau 2. VLWANII Lim,, i s — =0
deannflertdu O way T — A A, (1= 1.2.3) @ufteifu nonexpansive fat

It = 8l = 1Qc(Wns =M Aryn 1) =Qclyn — M Ay
< Hynrr = wall = 1Qc (znyy —Aadoz, 1) — Qclz, — AaAzz,)|l
Szt = 2l = [Qc (e, v = AgAgr, 1) — Qc (e — Az Asr,)||
< llngr = el (3.2.3)

9 Tip—bucs v o
W, = Do e Noaglel g = by, + (1= D, )w, @930 0 € N uag

R TR F Bl RN T S IR0 W S
v ! 17/’/:+1 ! ‘/}u
Uy #—If(-'lln—H) + (| Sl + e b, i I)STHJA N “'n‘/“(#rn) + (l — Uy - bn)an
lfbnﬂl l_bn
(L41 . - Uy - . Y -
o (j(-“r#lj - ASTIH 1) -+ ﬁv(bfn N f(-l'n)) + bfn#l o btn (3.2.4)
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1 Introduction
et A be areal Banach space and X™ be its dual space. 1.et C be a subset of X and let T
be a self-mapping of C.We use F(T) to denote the set of fixed points of 7. The duality
mapping /: X — 2% is defined by Jlx) ={x% € X7 |(x,x7) = |x|]?, 12" = Ilx[), Yx e X IE X
is a Hilbert space, then J = 7, where 7 is the identity mapping. It is well-known that if X is
smooth, then / is single-valued, which is denoted by ;.

Recall that a mapping f : C — Clis a contraction on C, if there exists a constant o € (0,1)
such that [/ (x) — £l < afx =]l Yx.y € C. We use T+ to denote the collection of all
contractions on C. Thisis [T = {f|f : € — Ca contraction}. A mapping 1 : C — Cis said
to be nonexpansive it ||T(x) - T < [Ilx -y

|, Va,y € C. Let A: C — X be a nonlinear
mapping. Then A is called

(1) L-Lipschitz continuous (or Lipschitzian) if there exists a constant L > 0 such that
IAx =Aplb= Lllx - ¥l . ¥x, 3 € C
(it) accretive if there exists j(x — ) € J(x - y) such that
(Ax = Ay jlx =) >0, VYayeC
(i) a-inverse strougly accretive it there exist j(x — y) € J(x - y) and o > 0 such that
(A); — Ay, j(x - y)> >ollAx — Ayt Vaye G
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(iv) relaxed (¢, d)-cocoercive it there exist j(x —v) @ J(x — ¥) and two constants ¢, d > 0

such that
(Ax = Ay jlx =) = (Ol Ax = Ayl + dllx -yl Ve ye C.

Let C be a nonempty closed convex subset ot a real Hilbert space /4. Recall that the

classical variational inequality is to find x* € C such that
{Ax x-a) =0, VreC, (1.1)

where A: C » H is a nonlinear mapping. Variational inequality theory has emerged as an
important tool in studying a wide class of obstacle, unilateral, free, moving, equilibrium
problems arising in several branches of pure and applied sciences in a unified and gen-
eral framework. The variational inequality problem has been extensively studied in the
literature; see {1-8] and the references cited therein.

In 2006, Aoyama et al. [9] tirst considered the tollowing generalized variational inequal-
ity problem in Banach spaces. Let A : C — X be an accretive operator. Find a pointa™ & C

such that
Ay j(x-x)}=0, vaeC. (1.2)

Problem (1.2} is very interesting as it is connected with the fixed point problem for a non-
linear mapping and the problem of finding a zero point of an accretive operator in Banach
spaces; sce [10-13] and the references cited therein.

In 2010, Yao et al. [14] introduced the following system of general variational inequalities
in Banach spaces. For given two operators A, B: C — X, they considered the problem of
finding (x,y") € C x C such that

(Ay" + 27 =y jlx =x7)) =0, VxeC,
: ¥ ) (1.3)
By +y" a7, jlx=y")) 20, VxeC,

which is called the system of general vaviational inequalities in a real Banach space and
the set of solutions of problem (1.3) denoted by 2. Yao et al. proved the tollowing strong

convergence theorem.

Theorem YNNLY et C be a nonempty closed convex subset of a uniforutly convex and
2-uniformly swmooth Banach space X which admits a weakly sequentially continuous dual-
ity mapping. Let Qo be the swiny nonexpansive retraction from X onto C. Let the mappings
A, B C — X beu-inverse-strongly accretive with o > K* and fi-inverse-strongly accretive
with B > K2, respectively, with Q) ¥ V. Fora given xy € C, let the sequence {x,} be generated

iteratively by

Yu = QC(«\AU - B,\',,),

Nyvl = Q1 + ﬁuxu + :VHQ(. (,’/H - AVU)’ n>= 0*

wihere (a, ), (B} and 1y, } are three sequences i (O, 1). Suppose that the sequences (v, ], [,

and {y,) satisfy the following conditions:
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() ap+Pu+p,=1,Yu>0;
(it) lim,_o 0, =0and Y )7 o, =x;
(i) 0 <liminf,_.. f, <limsup,_ . B, <1.
Then {x,) converges strongly to Q'uiwhere Q' is the sunny nonexpansive retraction of C

onto §2,.

In 2011, Katchang and Kumam [15] introduced the following system of general varia-
tional inequalities in Banach spaces. For given two operators A, B: C — X, they consid-
ered the problem of finding (x7,y") € C x C such that

(AAY  +x7 -y j(x —x")) =0, VxeC,
: (1.4)
(UBx" +y - x"jlx -v")) =0, VYxe(,

which is called t/ie systern of general variational ineqitalities in a real Banach space and
the set of solutions of problem (1.4) denoted by ©2,. Katchang and Kumam proved the

following strong convergence theorem.

Theorem KK Let C be a nonempty closed convex subset of a uniformly convex and
2-uniformly smouth Banach space X which admits a weakly sequentially continuous dual-
ity mapping. Let S : C — C be a nonexpansive mapping and Q¢ be a sunny nonexpansive
retraction frou X onto C. Let the mappings A, B : C — X be f-inverse-strongly accretive
with = WK? and y-inverse-strongly accretive with y > (K%, respectively, and let K be
the 2-uniformly smooth constant of X. Let | be a contraction of C into itself with coefficient
o € 10,1). Suppose that F =S NEWS) # W For a given xy = x € C, let the sequence {x,} be

generated iteratively by

Vo = Q(’, ("\All i /le//)r
Xjel = C(:L/“('\'u) + X, + )/HSQ( (,Vu = )‘Ayu)r n=>0,

where {w, ), () and () are three sequiences i51(0,1). Suppose that the sequences (o}, [ B
and (y,} satisfy the following conditions:
(i) ap+ B, +y, =1, VYnu=0;
(i) limye 0y =0 and >, = o<
(iii) O <liminf, . B, <limsup, __f, <1
Then |x,) converges strongly to x = Q;f(X) and (x,v) is a solution of problem (1.4), where

V= Qe X = pBx) and Qp is the simuny nonexpansive retraction of C onto F.

The problem of finding solutions of (1.4) by using iterative methods has been studied by
many others; see [16-19] and the references cited therein.

In this paper, we focus on the problem of finding (x*,y*,2") € C x C x C such that

(MAY +x" =y jx =N >0, VxeC,
0,

{(hoAqgz" + 9" 2% jlx —y*)) Vye C, (1.5)

Y

\

(FsAsa™ + 2" —x", v -2")) =0, vxeC,

which is called a new general systew of variational inequalities in Banach spaces, where

*

A, : C— X are three mappings, 2, > O for all i = 1,2, 3. In particular, if A; = 0 and z* = x7,
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then problem (1.5) reduces to problem (1.4). If we add up the requirement that %, = 1 for
i = 1,2, then problem (1.5) reduccs to problem (1.3).

[n this paper, motivated and inspired by the idea of Katchang and Kumam [15] and Yao
et al [14], we introduce a new iterative method for finding a common element of the set of
solutions of a new general system of variational inequalities in Banach spaces for two dif-
ferent relaxed cocoercive mappings and the set of fixed points of a nonexpansive mapping
in real 2-uniformly smooth and uniformly convex Banach spaces. We prove the strong
convergence of the proposed iterative algorithm without the condition of weakly sequen-
tially continuous duality mapping. Our result improves and extends the corresponding

results announced by many others.

2 Preliminaries
In this section, we recall the well-known results and give some useful lemmas that are used
in the next section.

Let X be a Banach space and let {7 = {x &€ X : ||lx]| = I} be a unit sphere of X. X" is said
to be uniformly convex if for each e € (0,2], there exists a constant § > 0 such that for any

x,yell,

o Xty
lx =yl = ¢ implics T.f“ <1-4.

The norm on X is said to be Gateaux differentiable it the limit

eyl = Dl
hm —

fm) r

(2.1)

exists for each v,y € {/ and in this case X is said to be smooth. X is said to have a uniformly
Erechet differentiable norm it the limit (2.1) 1s attained uniformly tor x,y € U/ and in this
case X is said to be uniformly smooth. We define a function p : [0, 5¢) — [0, o), called the

modulus of seoothness of X, as tollows:

ple)=supt —(lx vyl 4 fx—vl)=1ixye X llx =Lyl = 1.

N~

5

It is known that A" is uniformly smooth if and only if lim; ., p(t)/1 = 0. Let g be a fixed
real number with 1 < ¢ = 2. Then a Banach space X is said to be g-uniforsly smooth it
there exists a constant ¢ > 0 such that p(r) < ct? for all v > 0. For ¢ > 1, the generalized

duality mapping /, : X — 2" is defined by
Lx) = {/ e X7 ) = I Il = a7} Vae A

In particular, if ¢ = 2, the mapping /, is called the normalized duality smapping (ov duality
mapping), and usually we write /, = J. [f X is a Hilbert space, then J = [. Further, we have
the following properties of the generalized duality mapping /.

(0 J,(x) = X927 (x) torall ¥ € X with & # 0.

(2} J,(ex) = r’/’]///(.\‘) forall x e XY and ¢ € [0, ~0).

(3) J(=x) = [, x}torall x e X
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It is known that if X' is smooth, then J is a single-valued function, which is denoted by .
Recall that the duality mapping ; is said to be weakly sequentially continuous if for each
{x,) C X withx, — x, we have j(x,) — j{x) weakly-x. We know that if X admits a weakly
sequentially continuous duality mapping, then X is smooth. For details, see {20].

Lemma 2.1 [21] Let X be a q-uniformly simooth Banach space with 1 < g < 2. Then
b+ I < I+ gy, 1, () + 201

Sorall x,y e X, where K (s the g-uniformly smooth constant of X.

Lemma 2.2 [22] [na Banach space X, the following inequality holds:
Ia+v1® < vl + 200 j(x + 9} YayeX,

where j(x + v) € [(x +y).

Lemma 2.3 [23] Assumie that {a,} (s a sequence of nonnegative real numbers such that
(28] < (] - )"H>(l// + (SH' n = 1.

where {y,} is a sequence in (0,1) and {8,) is a sequence such that

(1> Z;t] Y =2

Salyn < 00r Yy~ 18, < oc.

Thenlim, .\ a, = 0.

(i) Iimsup,_.

let C be a nonempty closed convex subset of a simooth Banach space X and let D be a

nonempty subset of C. A mapping Q: C — D is said to be sunny it
Q(Qx + Hy —Qx)) = Qx,

whenever Qv+ t(x - Qux) € Clorye Cand ¢ = 0. A mapping Q: C — Dis called a retrac-
tion if Qx = x for all x € D. Furthermore, Q is a sunwuy nonexpansive retraction from C onto
D it Qis a retraction from C onto D, which is also sunny and nonexpansive. A subset D
of Cis called a sunny nonexpansive retraction of C it there exists a sunny nonexpansive
retraction from C onto D.

It is well known that if X is a Hilbert space, then a sunny nonexpansive retraction Q- is

coincident with the metric projection from X onto C.

Lemma 2.4 [24] Let C be a closed convex subset of a smooth Banach space X. Let D be a
nonempty subset of C and Q:C — D be a retraction. Then the following are equivalent:
(a) Q is swiny and nonexpansive.
() 1Qx ~ Qyll* = {x — 1,/(Qx ~ Qw), ¥x,v € C.
(@) (x=Qxjly-Qn) <0, VxeC,veD.

Lemma 2.5 [25] If X is strictly convex and uniformly ssnooth and if T . C — C is a non-

exparsive smapping having a nonempty fixed point set F(T), then the set F(T) is a sunny

nonexpansive vetraction of C.
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Lemma 2.6 [206] Let {x,} and {v,) be bounded sequences in a Banach space X and let

{b,) be a sequerice in [0, 1] 1with O < liminf, .~ b, < limsup b, < 1. Suppose that x,,,| =

H— X
(T =Dy v by, for all integers i > Vand imsup,__ (v - vl 1 - x,01) < 0. Then

lin]uﬂx ”J/// - X//H - o

Lemma 2.7 [27] Let C be a closed convex subset of a strictly convex Banach space X. Let
Ty and T, be two nonexpansive mappings from C into itself with F(T\) N F(T,) # ¥, Define

a mapping S by
Sx=2xT\x+(-1)Tx, Vxe(C,
where k is a constant in (0,1). Then S is nonexpansive and I'(S) = F(T,) N F(T).

Lemma 2.8 [28] Let X be a real smooth and uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, contindous and convex function g :[0,2r] — R such

that g(0) = 0 and gUix — v[)) < X112 = 2(x. /(W) + IVlI* for all x,y < B,.

Lemma 2.9 [23] Let X be a uniformly sinooth Banach space, let C be a closed convex subset
of X, let T : C — C be a nonexpansive mapping with F(T) # ¥ and let f € T1. Then the
sequerice {x,} defined by x; = tf (x,) + (1 = ¢)Tx, converges strongly to a point in F(T) ast — 0.
If we define a mapping Q : Tl — F(T) by Q(f) :=lim, .ox,, Vf € Il¢, then Q(f) solves the

Sfollowing variational inequality:
(@ -HQNLHQY) ~p)y <0, VfeT ,pel(T)

Lemma 2.10 [17] Let C be a nonempty closed convex subset of a real 2-uniformly
smooth Banach space X. Let the mapping A . C — X be relaxed (¢, d)-cocoercive and I.,-
Lipschitzian. Then we have

(= 2A)x — (= 2A)y]* < =9l + 2(hcld = hd + K22212) )1x - 311,

.
t{ﬂ,/,,l

)
K-=17

where 7> O and K is the 2-uniformly smooth constant of X. [n particular, if 0 <A < -
A

v

then I — &/ (s a nonexpansive mapping.

In order to prove our main result, the next lemma is crucial for proving the main theo-

rem.

Lemma 2.11 Let C be a noncinpty closed convex subset of a real 2-uniformly smooth
Banach space X with the 2-uniformly smooth constant K. Let Q¢ be the sunny nonex-
pansive retraction from X onto C and let A, : C — X be a relaxed (¢, d;)-cocoercive and

Li-Lipschitzian mapping for i = 1,2,3. Let G: C — C be a mapping defined by

G(x) = Qc[Qc(Qelx = A3A3x) = oA Qc(x — A3A3x))

— A QU (Qulx = A3Asx) = JaA Qv = isAsx))], VxeC.

L= l0 . .y . . .
[—f‘[’—, forall i =1,2,3, then G: C — Cis nonexpansive.
el

IO <h <
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Proof Forall x.v € C, by Lemma 2.10, we have

1G) = GO = 1Qe[Qu{Qu I = 33 As)x = 2aA Qe = s )x)
— A Qe (Qell = A Ay — haAs Qell - J3As)x)]
= Qc[Qc{Qcll = 13AL)y ~ 1A Qell — A3A5))
=2 AQU(QUT = A3ARy = 1A Qul = 1sA)y) ||
< HQU(QA = 25A X = 29AQ U =2 3A,)x)
A QUQT = s A )x = AL Qc (1 = 734 )x)
~[QAQUAT =334y — 1AL QT — 33A4)Y)
= AQAQ = 13A3)y = A, Qcll — 13A5)y) ||
= (= 2 ANQ U = duANQ (T = hydy)x
~ (I =2 ANQUM ~ 1, A0Q (1 =k A3)y ]|

<

P =yl
which implies that G is nonexpansive. i

Lemma 2.12 [29] Let C be a nonempty closed convex subset of a real smooth Banach
space X. Let Q¢ be the sunny nonexpansive retraction from X onto C. Let A, C — X be
three possibly nonlinear mappings. For given x*,y*, 2% € C, (x%,y7,27) is a solution of prob-
lesn (1.5) if and ouly if x* € F(G), y* = Qc(z" — 2ALz™) and z° = Q¢ (x™ — J3Ax%), where G
is the mappine defined as in Lenimna 2.11.

3 Mainresults

We are now in a position to state and prove our main result,

Theorem 3.1 Let X be a uniforvily convex and 2-uniformly simooth Banach space with
the 2-uniformly smooth constant K, let C be « nonempty closed convex subset of X and
Qc be a sunny nonexpansive retraction from X onto C. Let the mappings A, : C — X be
S forall i =1,2,3. Let f
be a contractive mapping with the constant « € (0,1) and let S : C—Cbea nonexpansive

«

relaxed (¢;,d,)-cocvercive and L;-Lipschitzian with 0 < j.; <

mapping sitch that $2 = F(S) N F(G) # W, where G is the mmapping defined as in Lemma 2.11.
Fora given x, € C, let (x,), {y,) and {z,,} be the sequences generated by

Iy = Q( (v“n - }WA.qu)v
Yy = Q( (:u - )“2A22H>' (3”

sl = (//(/ ('\//> + ;)/1'\/11 + “ a, - l}/f)SQ( b’h /‘l"'xl,)//.')r Ho 1,

whtere {a, ) and (,} are two sequences in (0,1) such that
(CD limy—n a, =0 and 37 a, =
(C2) 0 <liminf,_. b, <limsup b, <1

Then {x,) converves strongly to g < 2, which solves the following variational inequality:
" U 4 1 . 3 ;

H—

<({ g} j\g 7‘17):,‘1 <0, V¢l ,pes.
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Prouf Step 1. \We show that {x,} is bounded.

Letx" € Qand ¢, = Qc (v, = ~14,7,). [t follows from LLemma 2.12 that

xt = Q&,’[Qn, (QL (X* - )».sA;XV) - 2AQ (x‘ - )\,;Asv\’*))

= Qe (Qc (3" = kA sx™) — 1A Qe (v - )L_;A_;x*))],
Put y" = Qelz" ~ 7yAsz") and 27 = Qu(v" - A3A5x7). Thena” = Qu(y" - 441y7) and
Xt =a,f () v oyx, + (1 —a, = 0,)5¢,.
From Lemma 2.10, we have / - &;A; ({ = 1,2, 3) is nonexpansive. Therefore

e =2 = HQeu — A Qc (7 —aaAy M= o -7

- ”(\7)(,‘(2,, - )@A_il,,) - (\)( (Zw i— };‘U“;‘JZ')

| <l 2]

= ” Qclxy — A3Asx,) = Q¢ (\Y - }‘3A5x*) H =

Xy 7}‘* “ ()’2)

and IS¢, —x7 1| < ||t — x7||. It follows from (3.2) that

H/\:/1+| 7“’”“ ” = Ha,(f(x,,) + 1}//-\‘;1 + (1 5 arr o bu)S[u ‘x*

f ay Iv(xu) N x* ” + bu Hxn - X* H + (] —dy — bH)H[H - x‘k H
=y Hf(xu) - X* \J;‘ + (1 L ﬂ,,) Hx// - ’\j N
< a,,al\x,l —x'“ + (I,X.L/‘(x*) —x" W + (1 - ﬂ/,)Hx,, —,\'H

= a,ff (x) > ] + (1= @, (F= ) lx, = 5

By induction, we have

If (x7) = x|l
1

lx, = x7[] < max . [x) - %

I'herefore, {x,} is bounded. Hence {v, ), {2, ], (&), 1A v ) {Asz, b 4SS () ) and {A x|
are also bounded.

Step 2. We show that lim, .~ [l — x, 1| = 0.

By nonexpansiveness of Q¢ and /- 4,4, (i = 1,2, 3), we have

H[u»l - [n[

= || Q('(%m - }"lAI}'mI) - (2( b//z - )'IA]J’H);;

I A

”_VVHI _,V)IH
- H Q(f(zuﬂ —hArz, ) - Q(’J(Zu - )42/422;1)“
= ”Z/wl _ZH”

: ]] Quitxun = AsAx,0) = Qelx, - )L.;A.ixn)))

I/

H)C,“] 7XIIH‘ (35)

Page 8 of 18
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Nug oL = - )
Let w, = 2= =220 e N.Then x,0,y = byx,, + (1= b,)w, for all n € Nand
i

. . Xis2 — b/n]xuvl Xyel — b//xrl
Wia) — Wy, o= — e e

1-b,, 1-h,
@/ ) + U —a, —0,0)500 ayf(x,) + (1 —a, - b,)S¢,
B 1-b,. - 1-b,
Aunl as , .
= () =St} v T (S = ) + St~ St 34)

By (3.3), (3.4) and nonexpansiveness of S, we have

A1
Kyvl = Xy H 5 — “/ (xrul) Y “ +
L /}u+l

Ay e .
- 1)” H«S[u ‘j (xu)H~

H”//HI - H'u” -

By this together with (C1) and (C2). we obtain that

limsup w0 =0 = v =0 = 0.
R

Hence, by Lemma 2.6, we get ||x, — w, || — 0 as # — oc. Conscquently,
hm |Ix,. == im (1 =5,) I, —x,ll =0, (3.5)
DEEIRN N

Step 3. We show that lim,, .~ 1Sy, —x, [ = 0.

Since
Xpsl — Xy =dy, (‘/‘.(XH) . X,,) t1—a,— bu)(S[M — X,,),
therefore

1St —x,1l — 0 asn— . (3.6)

Next, we prove that lim, . lx, = ¢,]| = 0. From Lemma 2.1 and nonexpansiveness ot Q,

we have
lzw =27 |° = | Qetan — AsA sxa) = Qe(x” = Agdisy™) !’
< Jan = 2= (A, - A
< e =2 |P = 20glAser= Asatiian - 22))
2K A, - A
3 2l A | s -]

L 2
+ 2K Ay, AxT)

= Hxn - X* HZ + 2)-3(:.4 HA.%XU - ij* : Z)HI;dﬁ

2

+2K732 | Agx, ~ Aa®

. z,(‘; . /<~’)._;) [ sx, = Ay |

°5

w

-
o

-

Page 9 of 18
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and

o v I = Qe = 2arz) - Qe - 1aaz”)|
R e |
< -2 - 20fA0z, - Asz gz, - 7))
F 2K 38 Az, = AveT |
= lou-2 P -2l - doe | s e, - )
+ 2623 Az, - Aver I

2ad, | w2
”Zé'" \‘,422,,7,422
7

< nz,, -z )\2 + 2050 HA;:,, — Ayt Hz -

Gl o
12K5AY Avg, - AsaT

=z -2"| - 2;\2( ;Lj ~0 = 1<2)L2) 42z, — A22"||* (3.8)
Similarly, we have
H[u X7 i;: = HQ('O"N - }-lA])'/x‘) N Q(, (}'* = Ll/")'v) H ’
= H_y// - ,V* - )”I (Alyu - Al}”) HZ
< ”yu _V'V* HZ B 2)“I<AI_VH r Al}’*,/'(}’u i VV>>
+ 2658 A, - Ay
= “J Y = }" HZ - 2)] (7(1 HAI_VH o Al,)’v HW + d] H‘)/// - )" 2)
1 2K%0 “Aly,, —Anyt HZ
s 25d
= ”}/” —y" 'L + 22 “A]}’u - Ay’ “2 i /212( : HA])’,, - A" :
1
+ ?.Kz)\f ”/l”/” — Ay H)
1 N ,
= -y |* -2 (% - - /\""M) Ay, A | (3.9)
.
Substituting (3.7) and (3.8) into (3.9), we have
AT 2),3(([1; P mg) l45x, <A |
R l'll 2l T
- 2@(7 —c - 1\»/»2) Az, ~ 452"
12
-2 ( ;{—; - - 1\'~’;~1> Ay, Ay \\2. (3.10)
. ,

By the convexity of || - |4, we obtain
2 . w12
= I‘ﬂuf («\',,) + b,,.\",, t (1 —dy - [7,1)51‘,, - ”

<ay, Hf(xu) - ’\.Y

i a, |Lf.(xu) - X* “2 t b;/ HXH _X* i[z 4 (1 -, - bu)lll‘n - X‘ llz (311)

H)‘rul —x

<y b, “x,, - HZ +{1-a, - b,,)”St,, e
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Substituting (3.10) into (3.11), we have

”*\-ur\ - X‘ H) =ay, H/‘(Xu) - '\j Hw + b/l ”XH - “\‘Y H:

+(1-a, —}),,)(Hx,, - 25, (;lj ¢ - K- M) lAx, - ij'ff

i 2’(% e Kz;,z)ufxzz,, ~ Ay

2

) ([] / >A 1" 2
BRSSP

1

2z

v 112 !
= (l;/“/ X} — X it (el ) |l7‘n

d;

L

dy
- -a,-b,)2,; ( —2—( - K5
L3

(] ~du ¥b ) 7( - €3 71(2)"5>”A3x11 —A;iv\'* ”2

422,

31 dl - ¥
- (I —a,—-b,)2xn 72 ¢ = K% 2 ”Al}’u - Ay

1

which implies

(A =a, -~ b)2 (‘[ﬁ ~c5 - K? ;.3> JAsm = A
‘3

d-
(1 -a, 'bumz(fi - KZ)Q) |4z, — Ayz*|)?

2

. (/1 el . 2
+ (] = = /),,)2/\] (F =8| — K /4 “AI_yu - /\]y H
1

2
w2

<12
" erul X

H

<a,ffe)=x e, x

=ay H/.(Xu) —x" Hz + qu = A+l H (qu -7 H + HXUH —x H)

By the conditions (C1), (C2), (3.5) and 0 < A; < 7;_;/[2' for each i =1,2,3, we obtain

lim A jx, - Agx® ;f =0, lm 11./422,, —AQZ*H =0 and

IEETRN WX i
(

oo

—

18]
~

lim 4y, - Ay ” =503
n->ou
Let r = sup,. {lx, — x|z, =21 [y, = vl 16— a7 (1) By Lemma 2.4(b) and Lemma 2.8,
we obtain
e =3 = Q0 G = ) - Quly =)’
< <J’,, = XAy, - (- )\IAI}’*)’/‘([” ‘~(+)>
= <J/” _y*,j(t” 7,\‘*>> - A </\ Vi —A1} ]([/1 - X )}

e T A (L T

4 )\I(\Alyy - Al,l’//z/‘([u - x<)>7
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lew =" < vy 1 =gl " - (6 -27)])
+ 2)\]<AIJ'* - Aly//r/“u - ~\'v>>
<=y 1" =gl =y = (6 =x))

+ 2 ]lAy” = Ay e -7 (3.13)

And

22 1Qclzn - Az =Qe(z! — Az

=
<{zy — oAz, = (27 = haA2z" ), j (3 = 7))
= <Z,, ——Z*,/‘()’/, *}’*>> = )\.2</122,, 7/{22!,/'(}/,, 7)/*)>

e =45 a7 = gllles - 2= G- 7))

+ }~2<A2Z* - AZ:,“/-(_\’“ ‘,]/*>>:

<

o=

which implies

’Zu -z - (J’N - ,V*)”)
b 2iolAzzt = Azl - 7))
< e 21 - gllle. - 400 -]

F2 ]| Asz —Auz |y <a- (3.14)

=" < o =2 [T

Similarly, we have

“Zu -z “2 - “Qc‘(-\’w = rsA ) = Qc (X* n )-5‘4*") “:
= <Xu i )UA‘S“\AH - (xY )GA 5/\'*)'/‘(2,1 *Z*)>
={v, -8 jle - :Y)> }.5!1/\;,\,, ~ Atz - z)>
< Sl = = 2 7 - el - ¥ Sea= 2110

t }\.5<A")x* - A.;/\';,,/.(Z,, - Z*)>,
which implics

Jzuw =2 < =21 = el - x = (2= 2)])
+ 2}\_;<A.;x" - A‘;x,,,j(z,, - z*)\

h
/

< ||,\‘,7 —xF ”Z —g(“x“ ~x" [z, -2") H)

e 20l Ax = Az, -2 (3.15)
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From (3.11), (3.13), (3.14) and (3.15), we have

[ =P < @) =2 v bl =277+ =@ = b1 =57
<a, /) =>4 bl - x|
# U ma, = b~ 1 =gl -y = (- "))
w2y = Ayt - )
< aufixn) -x i bl w1
s —a, - b e =2 ~elllza ="~ 0n - 7))
+ 20l Aszis Az [y - v =l - v - (6~ 37)])

Sl N

S a, “f( n) - Y : t- bu JJXH

+(1-a,,-b,,)[u.\'”~xx“'—g( X=X (2 -2 ))
r2ufant s Asdlan =27 - ¢lflan - - 0 -5
+ 202 Aoz = Agaull o = =gl -5 = (- ¥7))
+ 20 ||,»\,_;r' - A|y,, 16,57 ]

A

+ (l —aa, — b” 2)&1 ”Al)/ *A]j',, H “[“ — X7 “)

)

4 (1 —~a, =b,)(20; HA(;XV — Asx, “ Hz,, -z )])

w1 -a) [,

e )

+(1-a, b)) (20| Aoy

- (1 —a, - bu)g(”%: *y* 3 (t'l _’X*HI)
~(1-a,- [1”)!(“2;: — (_)/,, 7.},*)H>

~-(-a,- b,,)g(”x,, e (-, - zx)H)

which implies

(1 —dn b!l g’ wyn i V - ([n - \ H ] —d, -~ [7)1 (Hzn - Z* o (,yu - Vy) H)

=, =gl -~ (2= 27))
<alft) - |7 v u o=l
(1 -a, -b)alAy A - x)
T A e )
a2 )
<an|feen) = P+ =l ([ =27+ [t =27 ])
PO, = b)) (2 | Ay = A 6 =)
V(= at, = D) (20| A - Az v =)

).

*

+ (1 -y *b;/)(z 3 /“;.’C" *A‘;X,,” HZ” -2

Page 13 of 18
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By the conditions (C1), (C2), (3.5) and (3.12), we obtain

li]“ ‘Q(Hy” - )/Y - ([// V'\.x) H> =0, ]_i_E“ (Q(”Zu -z - (,yu *)’Y) H) =0 and
lim g [x,, oy - (z,, _ z*) ‘) 0

H— 0

It follows from the properties of ¢ that

lim [\ Y= v =t — ") [ =0, lim l\z,, -2 = (v, ~y") H =0 and
[N LY

i "

m fx, " (2, -2")] = 0.
1

Therefore

n/\'u - [!l“ S qu -2y - (XV = Zv) ’ + “Zu =Y - (Z‘ ‘_);)]]

+ ﬂy,, -1, - ()'* ~ \ — 0 asn— . (3.16)
By (3.6) and (3.16), we have

”S“\.u - xll” f HSXH - Sf,,” + HS[N - Xy H

= Hx»l - [HH + HS[H 7«\]1” — 0 asH-—» X (317)
Define a mapping W :C — Cas
Wx=nSx+ (1 -1n)Gx, VYxeC,

where 7 is a constant in (0. 1). Then it follows from Lemma 2.7 that F(W) = F(G) N F(S)

and W is nonexpansive. From (3.16) and (3.17), we have

qu - ‘X’/X,,H qu - (775}6,/ * (l - U)lel) H

“'](-“»1 - SXH) + (1 " )])(X,, - G'\‘H)”

I/

UHXN & S\“\‘/I “ + “ - ]7)”,\’,, - GXH”

=yl =Sl O = llx, = £l => 0 as i — o, (3.18)
Step 4. We claim that
limsup(/“((/) —q.j(x, - q)) < (), (3.19)
RN
where ¢ = lim, _ x, with x, being the fixed point of the contraction
x>t (x) + (1 - ) Wa

From Lemma 2.9, we have g € F(W) = F(G)NF($) = Q2 and

{(I-Frgjtg-p)) =0, Vfell pe
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Since x; = ¢ (x,) + (1 — )W, we have

= %1 = Jef () 4 (1= )W, — x|

= [0 = W = x,) £ x) - xa) |-
It follows from (3.18) and .emma 2.2 that

v, = 2,07 = (U= (W, = x,) + ¢(f(x) ’.\‘,,)))2
< (1= War, = x|+ 20{f () = x,0jxc = X))
0= (W, — Wl W, xll)
+ 20{f (xy) = Xy = 2))
= (1= (I Wap = WA 1+ 2 Wae, = W, W, = i+ 1 Wiy, = x,11)
+ 2t</‘(xt) — x M6 = x”)> + 2[<x, — X, f (% = x“)>
< (1=26 0 ) =17 (= 02 (20x, = %, LW — x|+ [ W, = 5 17)

20l () = X j = 1)) 4 2t =01

=1+ rz)uxf =, 17 4 ) + 20l () = xpjloxe = x)), (3.20)

where f,(¢) = (1 1) 220x, = x 0+ Wy, - x, DI Wa), = 3, — 0 as #— ¢ It follows from
(3.20) that

. . { 5 k) -
<xl ‘j (X,),/(X/ - xu)> = E HX/ “xUHH t 3‘[‘ (3’21)
Let n — o< in (3.21), we obtain that
. ! ) t ” o
timsup(x, —f (), j(x, ~ X)) < 2;\/1, (3.22)

where M > 0 is a constant such that M = jla, = x,)1° forall 1 e (0, 1) and > 1. Let £t > 0
in (3.22), we obtain

limsuplim sup( — )y, - .\',,,)> < 0. (3.23)

t—0 IR

On the other hand, we have

(@) — i — @) = @) - @i — @) (@)~ @i — %)
(@) = gyl =% ) ()~ x00jn — )
) = it =0} = () = vl = x0)
() - X, - )>
Ul — . @) = = 5+ =~ x0))
+{f(q) - 6, — ) + () = X, = X)),
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t follows that

lml\up(j Q=g jx, -q) = ]imsup{f((]) -q.jlx, —q) - jlx, -/\,)>

i H— "\

+ llx — gl limsup llx, — x| + o la, - gl imsup [|x, — x|l
I and eV H—

+ limsup{f(x,) = x,jlx, — x,).
H— G

Noticing that/ is norm-to-norm uniformly continuous on a bounded subset of C, it tollows

from (3.23) and Liny, . &, = ¢ that

lim sup(/'(q) —q,j(x, — q)\/) =lmsuplim SLlpU(q) -q.j(x, - q)) < 0.

11— t—U 5 3

Hence (3.19) holds.
Step 5. Finally, we show that x, > g as i —> .

From (3.2}, we have

e =gl = (v ~ @i — @)

\((”(f( ) = g) by — )+ (1=, ~ b)) (S, — ), j(x,,0 - L[)>
= anlf () = (@) J @) v bl = @l - @)

(U= = b,)[Sty = 4.j(xn1 = @)+ anlf (q) = ¢, j(x,1 = q))
<aerllx, - gz =gl + bllx, —qlllx.g - g

+ (0= a, = OISt = q@llixit =gl + af (@) - @/ - q))
< allxy, gz gl = b, —qlllix - ¢l

P =ay, = bl = glilxeg - gl + anlf @) - q.j(x) - @)

= (1 _‘1/1(1 70))”3‘11 - (/”erul 76/“ + ﬂu{/l(q) - q:j(x71+] = fl))

< ”“;' )(uxu gl v =gll?) + o (@) - gt - @)
O e i @) g )
which implies
1 — il < (1-a,(l=a))lx, - gl +a,0 o D4 )

1-w

It follows from Lemima 2.3, (3.19) and condition (C1) that {x,} converges strongly to g.

O

This completes the proof.

Example 3.2 let X = Rand C = [0, 1]. Define the mappings §./: C — C and Ay, A; Ay :

C — X as tollows:

Sx) = % Sy = i + 3, A(x) = x, Alx) =2y and  Aj(x) = 3x.
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Then it is obvious that § is nonexpansive, f is contractive with a constant o = %
Ai is relaxed (%,l)fcococrcivc and 1-Lipschitzian, A5 is relaxed (%,2)-(:ococrcive and
2-Lipschitzian and Aj is relaxed (%,3)-(;0(:00rcive and 3-Lipschitzian. In this case, we
have © = F(S) N F(G) = {0}. In the terms of Theorem 3.1, we choose the parameters 44,
A2, A3. Then the sequence {x,} generated by (3.1) converges to ¢ = 0 € 2, which solves the

following variational inequality:
lg-f.jla-p =<0, Vpe
Let A3 = 0 in Theorem 3.1, we obtain the following result.

Corollary 3.3 lLet X be a uniformly convex and 2-uniforinly sinooth Banach space with
the 2-uniformly simooth constant K, let C be a nonempty closed convex subset of X and Q;

a sunny nonexpansive retraction from X onto C. Let the mappings A, : C — X be relaxed
dy-¢;
K21
tive mapping with the constant « € (0,1) and let S C — C be a nonexpansive mapping

such that F = F(SY N Q, #0, where 2, is the set of solutions of problem (1.4). For a given

. . g . R T ) . .
(¢ dp)-cocoercive and Li-Lipschitzian with O < 2, < S foralli=1,2. Let f be a contrac-

xp ¢ Colet (x|} and {y,} be the sequences generated by

Y = Q('(Xu - )QAZXM),
Xyel = {lr(f(xu) ¥ [)ux/l + (] -y, — h/l)SQ(,'U'u Y )‘]A])/N)' H = lr

where {a,} and (b)) are two sequences in (0,1) such that
(C1) limy on @, =0and Y7 a4, =X
b, <1

Then {x,} converges strongly to g € F, which solves the following variational inequality:

(C2) O<limint, . b, < limisup,_

{a—fl)jlg=p) <0, Vfelepef.

Remark 3.4 (i) Since L forall p > 2 is uniformly convex and 2-uniformly smooth, we see
that Theorem 3.1 is applicable to L” for all p > 2.
(ii) The problem of finding solutions for a finite number of variational inequalities can

use the same idea of a new general svstem of variational inequalitics in Banach spaces.
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