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Inquszasdveslasansidviliierjsumamdeiiaaisdmiuvigmnismaanasiay
yoaszuuluvastlymeaunisnsuustiudmsuilaidy « -inverse-strongly  monotone
Unwwmagamman uasdgmaanisiwesndidadmiuilsitunuulivensluyigiisa
1Uin uaﬂmnﬁlé’mzqﬂéwqwﬁwwé’nmnms'ié’en?'iaLtﬁﬂtymﬂ'ﬁﬂszmmmmam%ng}ué
vaynATiRd MUty maximal monotone TuUigiigaidsn wagrasilsnnmedidull

IiveguariunoinnIustauYed Ceng Wang wag Yao [8] warnaiuiinidudug



ABSTRACT

The purpose of this research project is to investigate the problem of finding a
common element of the set of solutions of a general system of variational inequality
problems for « -inverse-strongly monotone mappings, the set of solutions of mixed
equilibrium problems and the set of common fixed points of a finite family of
nonexpansive mappings in a real Hilbert space. Furthermore, we apply our main
result with the problem of approximating a zero of a finite family of maximal
monotone mappings in Hilbert spaces. Our main result extends and improves the

recent results of Ceng, Wang and Yao [8] and many others.
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nMsUszgnsnguianesie uitaymeaunisnisulsiiufignanedesialy 1Hun1side
\Doadhu (basic research) fjauanndeiinsinfisafunisussnusmmsanasosdgmeaunis
msuvsfufignanadorily Sedndustiedeiesedoamuivemquiignns (fixed point theory)
vgun15g i (convergence theory) uas wqwﬁms US‘”JJ"!EL!F’]"] (approximation theory) ile
vimudilan et tymise sweansy ddydugiliieates dufu Tuundeslisoandon
Adfyvesfivuas Anuddy e Ty 3y Imquszasdvesnisity MmowidevSeauiisu
YouwAIEINIRITuNTISe worlstlevdvemside Taeidomaszddy dwelud

1.1 anuduniuazanudfyveslymise

PagiuanumamtmaismsanuataaanslagianeegNgInsnmw nouiuazes
ALy Wunfunumasdfgainsemswammaluladaiolv sadudisuduuee

ﬁ’}ﬂtyamqmmamswwmﬂsuum Iﬂmawwmqwguwﬂmmnmsﬂnmﬁmwﬂumaﬂmmmamuu
ansalusegnaliliednentian enii dnsvgans i vguijunvesdymnrsmen

wnzaufign (optimization problem) mﬂquﬂﬁlﬁmuﬂ'riumﬂwmiﬁlmmisqaqﬂmaLwam'gm
Aunu yawtansidninenstiiinusslemiasan dndgdlimhunyssgndldiunmsfaniang
s wudeie s e ld 910 douTlan 9w s Anw audde fidsdeanu i vguiunves tam
msmengauiian WuduvisestymneadamaniiiSond “ymosunisnisuusiiy
(variational inequality problem)” venaNdanMsAnwImUI Jymioaun1snisuUsiuanunsn
Ussynaldiieurlsdymdnvanatam wu Yyvinasnmnisassmaaies (traffic network

, - : d .

equilibrium problem) UgywinasnmsInnulienum (spatial price equilibrium problem) Ugym
qaamwmmﬂém’laﬁaﬂi’w (oligopolistic market equilibrium problem) Ugymaasnmmanis
Wu (financial equilibrium problem) Ygyminasn1wnisewew (migration equilibrium problem)

UgywinTotieiieniudanden (environmental network problem) wastgyviasednsanug
(knowledge network problem) yilslugiag 10 Ynmwniiinissduaunn lawauissuutgm

DAUNITNITUUIAU tazas1eszlouddvig e Ussanuan (approximation) WNaaauwaIUgm
paunsnswlstuluSgigaidin (Hilbert space)

Hymeaunisnsuusiu Ao nMsmau®n u € C MW

(Au,v —u) >0, YveC



msuszgnavguyamiaiouitymeaunisnsuusiungniadeiiy 2

dlo ¢ uwndevveainfidadin H way A uilsiduuuulidaduidaenn ¢ T B 9
msAne nuITuiferiesnuinainas vestlymeauns miuvsiu WunaleayvesYgmign
#1349 wﬂwuum%mmum’m%mmwqwg%mmsqLwaﬁnmmsﬂizmmmmwaLaawmﬁwm
auMsNSUUSHY wazatesadoudvdiuuusing Weussinummuaiaasvesdymoaunis
mMsudsiy safaRa sruulmives Yo eaumsnisuusiy Alimeusnnirdgymeaums
nsuUsEudy Tud AA. 2008 Ceng wavpne [8] a¥19"szuuialuveseaun15N1sUUSHY ( general
system of variational inequality )" Fadutlymnismaudn (z*,y*) € C x C vl

MMy* +z* —y*,c—2*) >0, Vr e,
(uBz* +y* —z*,z —y*) >0, Yz e C,

o A waz w \Uuaed uiueiiuin uaz A, B : C - H Wuaesilaidulag dwiunisuszinu
Amnaasyesruu g lureseaunsnisuUstu Ceng uarpuzlaasaszidouisvigie

USEUUAMIALNTNNAIRAINYBITEUUVS LUU899aUuN1SNISWUS AL @S uilen o way B-inverse
strongly monotone uarnaiaagvostgwiganssvesisidunuulivengluligisadn

nuidedinandadufiasdiuinelisufouiBvhdrdmsuussunuamnanas sy
yoesvuulgmmniluveseaunisn1suusiu Jaymiganiasiy (common fixed point problem)

warUnyminasnimaay (mixed equilibrium problem) wSeli sauvisasUszendnguianniaiiely
Tunsyszinumamsaasnvestymdinanlaegidls Awuievgliudsdoasuingt §

Wedadldfnwvomdeinaais Feawsasniarululddundnnsvienguijuniionissnsds
wazUssgnalgliiAnauianaivinisaely

1.2 mmls A9AY9N15IY

Thsen1s 3T mqusvasdiiddy 3 Ussnis Ae Usznisusn e adesndousvhen
dwiunisussunuAmsanasTnvesssuutylureseaun1sn s wUsEY Uoymynesesay
uaz Yyminpenmaanluys g isadin Yssnsiides evstyndviquignesaiitauddomnis
UssnnAmraiagnvessyuuyminluveseaunisnsuusiu Uayann3esan waslom
nanmnasluys giEalin warUssnisaaing WefigeunguiunnsginessudeuTsvineii
a%w%umui’mqﬂsxaaﬁmn dmsuilaitulselan a wag B-inverse strongly monotone

a v

1.3 AN Y90 AUYAFIUIY

M3UsTINAAT A LRAY T3 Yee SEUURTU ve aaunTT M3 Ul sy Uymarenwray
war Yymynasesmsnduetubafesoduamuiiivfunguiesadndislumsdnm &
fluhieilvslksvanduniiddyvomauiun wevaunigruvedlasimsidoiduiuegubsie
mMsAnu3de Tnefinquiunusn Wunquifiddyesnnsensdnymnismeanasvestgm
oaunsmsuustuludigfisaidin weevqujunitaes Wunquiidnuinisginguaaassmes
Japmaaunm suumliveseaunisnisuusiu wastigugensduusgiidadin Tnofiasyddny
St luil
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LV

nawijun 1 1f C ihunges D nowand uasluiiueniiwenSplaidsn H Pe iunmmane
v N Uay A - C — H 1Juilerisy monotone ug19ela1 v ifunataagvestiymr eaunis
NTSUUSHY Haowlo u = Po(u — Mu) &m5U A > 0
nawijun 2 I C iuiemeiosDn pouiand uaslihdhuwmirveaSpiidadsn H Frualiilerisy
A,B:C — H it a—inverse strongly monotone Wag B—inverse strongly monotone 8734
a1y uagli S - C — C1iusleiFunuylivery MTE F(S)NQ £ 0 e Q unuesvomaiaay
Ye9sUUVIlUYeveaIN 15N TS UUSH T &1 = v € C uaz {z,), {ya} (Husr8viinmun
Ine

Yn = PC(xn = NBwvz);
Tnt1 = ap¥ + bp&n + (1 = an — b,)SPolyn — AMyr), n>1

19 A € (0,2a) p € (0,28) ua¥ {an} {bn} C [0, 1] HiIlF
1. lm a, =0, an = 00

n—o0

n=1
2. 0 <liminfb, < lmsupb, < 1

n—00 n—300
v ;) v v o < )
Uad {zn} WHMUUIING T = Pp(syngv Uas (Z,7) unataayvovseuU L UdesoaunIsng
WUse e § = Po(Z — uB7E)

AIONITY U0 aUNAFINIY
nsUssnuAmINaRayTvesssuutymluveteanntsnisulsiy Yywgessasou
warUgminavnwranluuigiisadsndeisu o uiSvigdunlifny Irdesiigau

1.4  YUUANISIEY

15315398 Ule Anwr mIvszanuaIvng lwas s e ssuu Uy lu vesaaunisnis
wUsiiu Ugyynaneiasan wagtymnasaiwaanluyigigadsn dwsvszuulgvvaluveseaunis

MsuwUsu Anwnstlil A war B wWuileitu o wag B-inverse strongly monotone audsiu
dwdulgmyasiasaulafnunstiyaesesaudmivadiiaveslenduiuulivene

1.5 Uselewiilasu

lasans33u il 398 laUsegned ngud] 90 93 We AnvImMI Ussunu A M e 1aae S 989
seuuinreseaun1snsuwUsiy Jgmanasesin uazdgmaaonmuauludiglidadin lay

Yselowinaelisu 5 Usznis fie Usznisusn essideouisvignndiieussanuaminaiaag i
yoesuunliraseaunismsuwdsiu Jgmanesesin uardgminaunmnanluds gisadin

Usznisaes visuieulunsgivessubouiBimdiiais %‘uf_jma 1Ray S veasruUhluves
saunsn1swUsiu Jagmnannasn wastgvnaonmeauludigiidadn Ussnisanu léngugun
nsgihdeanmihlvifiduguilunssrsdaieliiAnmuinmihnaisnms ysensd e
audluiRimouwslusansinms Sniederruduuduazauimihmannisveain
Woadnmanslne uazuszasgaving vioiuaiuanuilsbiuiindnnsiasamzensnsd
yandnmansiienisiSsunsaeuiiinunw
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WomluunilaslivaviBeaidfiyuesnuitennedesiunsuszanuagasse Jgym
paun1sMsulsiu Jgminaunim ssuuvnlveseaunisnisudsiuuasdeyvnasnmnay saudia
<t o o v o v a v I J o w LY dv
nuuniiiervesisitudesddluniside Tnetilomeanseddndiolud

2.1 MIUTTUIUAIARASY

Ml B Juligidadsn wieudumaamnielu () uay ¢ Juwagasla ounn

4 warliiluwnineves H azBoniendu T - ¢ — € 91 Aanduuuulivens (nonexpansive
mapping) 81 [Tz — Tyl < ||z — y|| dmsuusias =,y € C WwHIAA3A (fixed point set) 103 T

fowlny F(T) = {z € C : Tz = o} YyminsussumamixaiaagvesUyngnniusudneily

U A 1967 lng Halpern [13] laasnessifiouisvidnivoUssanaurimansssvesilentdy T lnei
© ) o U A J v

T Budaidunuulivervuuen C lasAnwiawu {z,} sk 1 z; € C uay

Tnt1 =+ (1 —ap)Tz,, n>1 (2.1.1)

e {on} Wuaduresiiuiues Tur [0, 1) fiaeardosiulouly ssalull

o0
Cl: nlr_}mooan = oC2 : ;an =00
Halpern ﬁnmmizjLﬁwaqmﬁauf‘a%'ﬁvgw 211 Tun3dif an = =7, 0 € (0,1) way v = 0
warlafigaudn diu {z,} guwinvuiingnsssvesilendu 7 seunlud Aa. 1977 Lions [16]
IiWamauves Halpern 7isianisAnwiiteansaiidiu an = n=7, o € (0,1) whik uas
Lions Anwnseif {ax} \Juddulag Tue 0, 1) Tnofl {an} denndesdouly fuwieluil

o0
Cl: lim o, =0; C2: Zan =o00; C3: lim ————la"“?_ an| _ 0
n—00 ~ oo a2,

Lions ifigawdn dwiu {z,} Mimualavaunis (2.1.1) guuwuuilingyasssvesilendu 7 Tudigh
galin H sioantiu Tl a.a. 1994 Reich [20] liWamunaauues Halpern 31ndifinymguijun
msgintugigidaldin B unfnwiludindl uniformly smooth melddeuluideaiuvesdiv
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{an}  Reich figadindwiv {z,} giuwuudugynnsevesilendu T wena il Reich Wide
Haunniididtyin drfuresuneds {on} fidnuisluraaues Halpern wae Lions v Sl
AsoUARN N3 oy = ;15 Faiutlymitinidesosnsiniiudy fe sxnedeulveslsves
U {an} Devzasounqunsll o = 215 M Weneutlgmidindn Wittmann [35] Tdnw
wqwﬁuwmizjx,ﬁwmssLf‘JﬂUﬁ%ﬁwsgw (2.1.1) lulSgisadin H lay Wittmann figaddn 61 {an)}
aonpdoiuideuluiioluil

n—00

o0 o0
Cl: lim o, =0; C2:Zan:oo; C’B:Zlan+1—anl<oo
n=1 n=1

WA {z,} vgilnwuutindyessavesileidunuulivensy T

2.2 Ugywnesdun1sn1suusiu

Yaymoaunisnisuusiu Sudnwiludas. 1964 ey Stampacchi [29] lnednwUgmii

Syni1 "saun1sn1suUsHULUUALAY (classical variational inequality)” fie Ugywiniswiaunn
z* € C Il

(Az",y —2") >0, VyeC (2.2.1)

mmamamawﬁwmmmﬁfym (2.2.1) Wouunusmey VI(C, A) 1nszuulgm (2.2.1) i
w9 z* Wunamasvesssuudyw (2.2.1) Avewdle * = Pe(e” — AMz*) o A > 0 uae
Po iunmansseyns (metric projection) tuuanslyiifiuin dameaunisnisudstuiiam
Lﬁm%’mr"fuﬂmmqm?n uanmnﬁﬁ{]cymmamﬁmmams’%‘qLﬁﬂd?’imﬁuﬂfymaaumsmsLtﬂsﬁu
919 Ugymeaunsnisuusdusuulineunng Ygmieaunismsulsdunuunas lnsauisadnw

swanduaiuduldainiendans fwelull Ceng et al. [1-10] Chang et al. [11] Noor [19-21]
Peng way Yao [Z3--25] Plubtieng ey Punpaeng [ 7] Yao et al. [38] Zeng Way Yao [41] Zhao

way He [£2] dmiumsussanumminaiaasestymoauntsnisudsiuy BudnwinUindy
AdndidRdn (H = R?) Wudigiusn lneAnwinsliauudisi ¢ Wuwngos Ya wazaauin
$uoe R™ saunluil A, 1976 Korpelevich [15] adnesuiilouisvingniidonds H5enemsinsiie
ufl (extragradient method) lnafivunasiu {z,} uwas {y,} ik

x=2xz€C,

Yn = Pol(zn — AAZy),

Tp+1 = Pc(IL‘n - /\Ayn)
dmiunAin=0,1,2,... e A : ¢ - R Juierddu monotone uay k-Lipschitz continuous
way X € (0,1/k) melsiauyignu VI(C, A) # 0 Korpelevich ligaidn 619U {z,} oy {yn}
JignaiasAAsafurestiymeaunisnisuusiu (2.2.1) 91nulud A, 2003 Takahashi uag
Toyoda [32] a§15uduuitvindrifoussnuiminaaa udmiulymaanieveanisdauuy
vy werlygmeauntsnsuusiu Tnsadesudouisvne {z,} Mk

Tnt1 = AnZn + (1 — an)SPo(z, — AMAzy)

o {an} € (0,1), {\a} C (0,2a) uag S : ¢ — C Wuisridunuvlivens Po Wunmanuszes
mMauar 4 : C - H {Judeidu a—inverse strongly monotone 1ne#l Takahashi warToyoda
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ifgatiidwu {z.} Feiumlae 8) a'dimuua'auﬁam%ns’ummﬁmmwm‘%a LLauﬁinTe)ﬂ&Jﬂ’l‘i
msuUsiiluys 30iiBaisn seunlud me. 2006 Nadezhkina uay Takahashi [18] lsia$esuidou
'zﬁvmﬂLwaUs.,mmmmam%nsamaaﬂmqummswmﬁomjuuwlmm LLazwaLaawmﬂ:ym
paunINIwUTHL dmuiandu monotone wae k-Lipschitz continuous laeAmunawu {x,}
way {yn} el

o=z € C,

Yn = PC(-Tn - /\nA-'En), (2.2.2)
Tnt1 = anZn + (1 — an)SPe(Tn — M Ayn)

Wo (A} C [a, 8] uay {an} C [ed] dmduussuiutda ¢, d (0,1) uenanil Nadezhkina
wazTakahashi lagadn awiv {@,} way {y,} Telleawlae (2.2.2) gunuuuseudamnin » €

v
]
=1

F(S)NVI(C,A) Wd z = im0 Prs)nvi(c,4)Zn staaniulul ad. 2007 Yao uas Yao
[39] @399 deuTsvhanie Ussunarmaundnswveasn F(S) N VI(C, A) myldauyfgu
A : C = H Juilandu a-inverse strongly monotone uay S : C — C Wuilaiduuvulaivens
Tnufl F(S)NVI(C, A) # 0 Tneiemdwiu {z.} uay {ya} fail:

{ Yn = PC(xn - /\nIn),

(2.2.3)
Tnt1 = ot + BpTpn + 7nSPC(yn i /\nAyn)

510 {an} {Bn} {7n} Wudrduvesstunuaie luthala [0, 1] uaz {\,} Wudwuressiuiuasie

] < é’ v oy ¥ [ L% dl o L 74 k24
Tursln [0,2a] uanannu Yao way Yao lquﬁ)mw anvu {z,} Avualay (2.2.3) QUIUVUIY
gaun®n 2 € F(S)NVI(C,A) o z = Prs)nvi(c,at

2.3 Ugynagaw

sz lileuvestyminasan (equilibrium problem) Fundullgwiveadinenans

d ¢ v o o v ' v [-] o Qr A’ v
nédggun lnganizmaasygmans il Ussynaldesnaniiewan lneivue donuseld W
F: C x C — R Wuilsituresimauais dymnasaw fie Jgyiniswaundn « € C Fivilw

F(z,y) >0, VyeC

wmﬁwmauﬁwummﬁcyvmqaamw Bouwnusng EP(F) nsUssununminanasnvestym
Argnm Ugymnqness wargmedunisnsudsiiudu Tul A, 2008 Plubtieng uas Punpaeng
[27] AnwsudouTtvhendmiunsusanasvnaningavesen F(S)N VI(C, A) N EP(F)
ma‘Ls‘famqﬁg’lu A: C — H WJuilandu a—inverse strongly monotone uaz S : C — C WWu
Aertunuulivens Tnefl F(S)NVI(C, A) N EP(F) # 0 uagionuddu {z,} {ya} 4a¥ {2, }
o

F(tn, ¥) + = (y = tUn, un ~ n) > 0, Vy € C;

n = Po(un — Anun), (2.3.1)
Tnt1 = AU + BnZn + TnSPo(Yn — AnAyn)

e {on} {Bn} waz {v,} Wudwuvesduiusialuyaaln [0, 1] uaz {\,} Lﬂummmjmmmmsa
Tutsln [0, 2a] wenaniimelinsideuluvesiladidu F & {an) {8a) wae {7} T
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Plubtieng uaz Punpaeng Wgayidn &y {z,} Airmunalay (23.1) gihuuuduganin 2 ¢
F(S)NVI(C,A)NEP(F) dlo z = Pr($)nVI(C,AYNEP(F)U sioanialud a.e. 2009 Qin, Cho
uae Kang [25] aiauasAnwsuifouitvsiiiovssinasmandninmesiaymaasnin Yam
AT wardgyeaun1smIwUsiuinsansiiil 4; : © — H, i = 1,2 Juilsidutssam
a—inverse strongly monotone karWeidu S; : € — C, i = 1,2 Wudsiduuuulivee Tny
AMAURRRU {2, } {yn} wae {z,} ol

F(tn,y) + = (Y — tn, un — Ta) 2 0, Yy € C;
Yn = PC(un - /\nun)’ (2.3.2)
Tnt1 = Ont + BnTn + WS Po(Yn — AnAyn)

5o {an) war {Bn) Dudwuressuiusdslugnda [0, 1) wae (A} {1} wae {ua} 1Hudisiu
293913 UTIUn [0, 20 Melan139Roulvresdiiu {an} {Bn} {1n} {An} war {un}

Qin, Cho uay Kang laigaudndwiunainlag (2.3.2) guimuuidugaudnuaansiuveadym
Aagnm Tywiganiesin uarUgmeaunismsuysiu

2.4 szuuinluvesesumsnisulsiuuaz Teymaasnineey

v
o vae e

wteilg e ldlisavidunfidiAyinnveslymneadeaans lagazuusilomeen

Wuassdiu Ao wWemdiuusnazliswasidunvosszuudgmivinluvesUym saunmsnsudsiu
& ) ] v = = o & o & w -1
wanillomadiunaesaslineasiBoaieiiulygmaasnimnan Tneliilevanseddgsasoluil

241  STUUNINUYR998UN1ISNISHUSEY

swazidunves Uy oaunisnisuUsau givelaluseasidonlilule 2.2 Tuhdeil
{AvoarIinwaviduavesdamynaadamanifinsounquiiymesunisnmswlsiy dude'ssuu
W luvesaaun1sNTUUsHY (general system of variational inequalities)’ Tnslud A.A. 2008
Ceng et al. [7) Anwllgmnmisviandn (¥, y*) € C x C vl

{ MAy* +2* —y* . —2*) >0, VzeC, (24.1)

(uBz* +y* —z*,zc —y*) >0, Vz e,

o A wae g Wuasssuiuadeuin uaz A, B : C — H Judesilendgulag nsaliawizvesszuy
Wilvaseaunisnsuysiu 9w M mualiiaidu 4 = B udszuulaw (2.4.1) wwang
Wuszuutgwinsmann@n (z*,y*) € C x C il

{ (MMy* +z* —y*, 2 —2") 20, Vz€C, (2.4.2)

([IA.’L'* +y* - CC*,.'L' - y*> 2 01 Va: € C

Fadussuuiidnwilag Verma [33] LLaxL%'UﬂiszIﬁlj‘ﬁ"j’] "szuUTnmivoI9auNISNITHUSAY (New
systern of variational inequalities)” won1nil diinieuls W o = »* udszuulgm (24.1)
sranguilumsmwanasveslgyeaunisnisuusidu VI(C, A) Twide 2.2 lumsussanaudm
HaLRALYDITE UL IUTeIeaNNSN1SWUSEL Ceng et al. [8] atrsafonidviguiteyssanas
mamSnuveinaRasssuuluveseaunsnsuUsiu dmiuihn o uwag B-inverse strongly



i
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@

monotone kaziENYBIYAmTIvEINIsAtLUUliveeTuUI)iFadin Invassulouiving dad:
Wz =v e Cuay {z,} {y.} Duarruiinmunlag

yn = Po(zn — NB-Tn),
Tntl = anU + bpzn + (1 — ap — bp)SPo(yn — AAyy), n>1

e A € (0,2a), pe (0 25) wae {an}, {bn} C [0,1] mulinsnadeulvvesddu {an} upe
{6} Ceng et al. RIUNAWU {2} geiuvungaunfnsmveagnvasganiwainisauuly

Wy S LLauwaLaawmsuuumlﬂ'umaaumsmﬁu,Uswu (2.4.1) siounTud A.A. 2010 Yao Liou
waz Kang [37] ImaswiumamﬁmmLwaﬂsummmmwaLaaasamaﬁvuuﬂmm (2.4.1) way
Yaymassavesnisdsuulivets S lunsuil 4,B : ¢ - H Juiled®u o uay B-inverse
strongly monotone nuawu Tay Yao Liou uay Kang a$1asudoudivhen {zn} {yn} woe
{zn} el

zn = Po(zn — pBrn),

Yn = nQxn + (1 — an)Po(zn — AAzy),
Tntl = ann + ')’nPC(zn — )\Azn) + 6nSyn, n 2 1

de A € (0,20). 1 € (0,28) wat {om} {Ba} {m} {6a}  [0,1] mulinmsmedauluves
dwu{an} {Ba} {m} war {6.}  Yao Liou uaz Kang Waoudnawu {z,} guhuuuiiug
au1Bn SINVOUIAVDIYAFTIvRINIs AU TEIE S wasHalaaveIsTUUTRlUUeIeaunIInTg
wlsiu (2.4.1)

242 Uygmgaennuay

viade 2.3 3suldliseanBenvostdaymnaunmdaulgmiiddy uasivsslomiogns
1N D INEIEERS UIENS way Inenmansusyend anmamasinan JadidnIonquuilimensu
Andumilagmmisadaeanifiaaouaqudminaonin uasdondaymlmituin Jymwieasam
mety (mixed equilibrium problem)” neflifomansesel W ¢ : € — R J{+oo} tJuneridu
way Ffuirduiidnin € x ¢ W R dlo R Wueavessiuiuess Wl aa. 2008 Ceng uaz
Yao [9) Wnwidgminismaundn = € € fivili

F(z,y) + ¢o(y) = o(z), YyeC (2.4.3)

Sondawn (2.4.3) Milgwinaeamnay uazwnveaxaaasnvunveslyl (2.4.3) Weuunueiy
MEP(F,p) 31ndgm (2.43) aumuind z wWunaleaseityw) (2.4.3) ui z € domyp =
{z € C | p(z) < +oo} Mty (2.4.3) 3xiuingn ¢ = 0 umlgminaunmwau (24.3) 9y

nanedullgminismanin z € ¢ il
F(z,y) >0, VyeC

Fafre Ygymnavnw Agminsmaudn EP(F)) ffnwnlusde 2.3 wenainflayituing,
F = 0 umUgmqaonimwen (2.4.3) sxanguilullym convex minimization Fududyminis
WauTn z € C v

o(y) > o(z), YyeC (2.4.9)
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v

wonentl 9 @ = 0 uay F(z,y) = (Az,y — z) dmiuusazaundn z,y € C uay A
Wuilaidudidgenn € T B udhlamnaeniwway (2.4.3) ssnaeduligmeaunsnmsudsiiu
warwuin EP(F) = VI(C, A) msUssinaudmraaasvesiymnaunmuaniadulymid
rddyuarsnduegnis fofuSediindsesuunnldadesadouisviduiteyssunusm
naaasvealgvIRana 817 Wy Peng wax Yao [26] aessifouiivingriinmunlag:

x=x € C,

Flun,y) + @(y) — p(un) + 5y = tun,un — ) 2 0, Vy € C,

Yn = PC(un - ’YnAun)y
Tnt1 = AV + Bn®n + (L — an + Bo)WaPo(un — 7nAyn), n > 1,

melinsaloulvvesilendu F o, W, uardniu {a,} d6u {8,} 8Wu {y,} uavdeu
{rn}  Penguay Yao lANgIdWU {2, } {yn} uaed WU {u,} giiuvudugnamansiuves
Ugywnaunanay Joywieaunisnisuystiu wasUgmigans

] '
=] )24

2.5  NguaingIteg

WomilorlsswanBuniiddyuesionm nquiiun unds (Lemma) LazesRAINTuY i
Suuegadaemsiigainguinisginluunil 2 Tnefidewansyddyfdelud fvuels B
Wulspiidadioniendunaamunelu (,.) uay C Juwndesln aeunnduasliifuwaines
HW A:C — H Juilandu 9:8un A 31 monotone i

(Ar — Ay,z —y) >0, Vz,yeC
uavSonileritu A 91 a-strongly monotone d1ilsuauaieuin a > 0 Tl
(Az — Ay,z —y) > allz — y||?, Vz,yeC

& o v & & ‘o R &
Nneaum sl vililadn | Az - Ay)| > aflz — y|| Uufe A Wuilsitu a-expansive uenanil v¢
< ) v | 4 o < § ) a ¢ s ¢ o
WU o = 1 uaarendu A seuisidunuuluvety anntsuvesiaidu monotone Waridu

a-expansive wariangunuulivgny amnsansivdeulsminuianuduiudvesiendy sl

strong monotonicity = monotonicity

4

expansiveness

seFunilaridu A 91 L-Lipschitz continuous (38 Lipschitzian) fileasit L > 0 fivila
Az — Ayl < Lijz — yll, Vo,yeC

WEUNNINYU A 91 a-inverse-stronely monotone (W39 a-cocoercive) fLii UL IN o > 0
Vvl
(Az — Ay, z — y) > al|Az - Ay))?, Vz,yeC

ndoudanaraiiuladnin 61 A 1WuRandu a-inverse-strongly monotone udn A {uiaidu
. . . LY & ' v ¢ o
monotone WAy Lipschitz continuous $78 usnaNtaziiuI 61 A 1uiendu a-strongly uay
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L-Lipschitz continuous k&1 A Wu (o/L?)-inverse-strongly monotone uafeidu inverse-
t o ay L3 ¢ ¢ @ )
strongly monotone i uduseaduitandu strongly monotone agiSunlendu 4 71 relaxed

c-cocoercive Bfimasii ¢ > 0 Tl
(Az - Ay,z —y) > (—c)|| Az — Ay|?, Vz,yeC

warazSunileidu A 41 relaxed (c,d)-cocoercive &iianarnasii ¢, d > 0 il
(Az — Ay,z — y) > (—o)[|Az = Ayl + dl|z - y|*, Vz,yeC

WU ¢ = 0 Ui A Wuileidy d-stronely monotone satiuagiiulAaaveIfantu

relaxed (c,d)-cocoercive atlaninraavasilsidu strongly monotone wavinlilianudumiusi
dARYmILLIAD d-strong monotonicity = relaxed (¢, d)-cocoercivity

indiguvesiliifusangm wlieuduiusveseriduiiawymunde deui
N5 (operator) Wu Lipschitz continuous &2 relaxed cocoercivity ulu strongly monotone
ust strongly monotone ¢l cocoercivity fveSunesusate feil

1. W H =R C=[l,0)baz A:C - H Fatwualey Az = 22, z € C dwmu
wiay z,y € C aylan
(Az — Ay,z —y) = (z°—y?)(z—y)
(z +y)le — yl?
2z — y|?

Il

v

sy A W 2-strongly monotone Aa1san auyditi A 1u u-cocoercive dwiuune p > 0
Wl (Az — Ay, z =) = (z+y)|lz = y2 > ple? — 22 Dumalh z +y < % dwmiunn
z,y € [1,00) Fudulubild fadu 4 Flulu p-cocoercive dmiuunaz > 0

so oz lianumunuvesiendu metric projection Failunumuariinnuddngiusti
wINAUNTUSELNINAT MNaRayYeIsEUUlUYDI0aunsn1sulsHuasdymnnse lnaliase
dgyelall USgiidatsn B Junnsudufiiuiazanndn @ € H sxliandnluy C wissanfen
winudilng z fige uazBvuunuandniuiiy Poz 9ntainvvsedenaravinlnlean
|z — Fezll < lle =y, VyeC

warBunaun®n P 31 metric projection 183 H 91758 C 91n@uuasnad aunsonansladiiein
Po Wudanduwuulivensan H Mile C uazdenadoaiuaus

(z —y, Pcx — Pey) > |Pox — Poyl?, Vo,ye H (2.5.1)
neaums (2.5.1) Wuwalilain

Iz - y) = (Pez — Poy)|? < llz — ylI* — 1Pz — Peyl®, Yz,ye H (2.5.2)
vonnantit s auividfyuinues metric projection fie: Pox € C uag

(x_ch’y“PCiU) <0,
Iz - yl* > lle — Poz|” + || Pez — yl|? (2.5.3)
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dwdunnandn z € H wovanndn y € C GaawnsndnwdeyanarsiwasiBonlsianuay
99 Goebel uay Kirk (121 n1sAnwinisUssinurmuaaasvestiymauganay Seuluua
aufigitsnduednebavesitedifu F, o uavigndos C Taviilommsvddy fio

(A1) F(z,z) = 0 §wiunn z € C;

(A2) F \Juaidu monotone nanafie F(z,y) + F(y, z) < 0 dwmsunn z,y € C;

(A3) dmSuwsiaz y € C Haituiidvunlag z — F(z,y) Wy weakly upper semicontinuous;

(AG) dwiuusiar © € C Wadduficmualag y o Fi(z,y) W convex;

(A5) dwiuusiay = € C Marduiinmunlag y F(a; y) \Ju lower semicontinuous;

(81) dmiuusiay = € H uaz r > 0 azligntesfidveunwn D, C C way y, € C fviW dmy
wiay z € C\ Dy,

F(e,e) + 0(us) + - (ys = 22— 2) < (3)

(82) C Huwaiisivauion

nsfigatinguiunnisgiivessudeuisvindniadetuluund 3 uni Tisnunasdifty
pganenIAnwINsUsBINuAT KA RasTmves Tymnaun maay Halaasyesssuuniy
wospAuNITNSUUIY waxdeymanae Sewandondutelul

unia 2.5.1. ((70) i C ihumeiootln Aenang uasliiitumadnvessgisadsn H fmuali

Fifuieriduiidsnn C x C [Uds R Famenndoesuifouly (A1)-(A5) uashi ¢ - C — RJ{+oo}

1y proper lower semicontinuous Waz WNriTuAeUIINT m/.g/ﬁﬁamﬁaan"vﬁauZwﬁaZmTa wila
s (B1) w30 (B2) §W3U > 0 Uigy = € H fmuawerisu T, + H — C #il

Th(z) = { €Ct Fo,y) 4(0) ¥ 2y — 2,2 — 2) > () Yy € c}

dmiugn « € H udweliusas Toreluilliuae:

(1) dwsumsias = € H, Tp(x) #;

@) T, doluiande;

(3) T 1l firmly nonexpansive na1Ife amsulsas z,y € H,

IT(z) = T (WIP < (Tra - Ty, — y);

(4) F(T,) = MEP(F, ¢);

(5) MEP(F, ©) (Dugnlnuaznouny

unsa 2.5.2. (36) W {an} (HuadvvesdiuIusavIn Saaenndosautiny i
any1 < (1 - ’)’n)an +0n

o {rn) ifudrulu (0,1) uay {6,} aenndesrudouly:

(i)nynzoo; ||)l|msupt5 /n < 0 %39 Z|5 | < o0

n=1

Ua7 iMoo G = 0
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une 2.5.3. ((220) 17 (H, (., .)) iudSginagamely dmsvuaay z,y,z € H 4as o, B, €
[0,1] IogiT o + B + v = 1 9l67)
laz + By + vz|* = allzl® + Bllyll* + vll2)* — aBllz - yl)?
—avllz - z|* - Brlly — 2/

unae 258. (1510 5 (.} way {y,} (uasviidvovimludzglduiin X dmuali {ba} iy
819Ul [0,1] F9 0 < iminfr_yeo by < UMSUP, oo bn < 1 88UF 2511 = (1 — bp)yn + bnn
Smsugaunisiu n > 1uag imsup, e (gnt1 = vall = |Zns1 — 2nll) < 0487 iMp 00 Y —
Znll =0

unad 2.5.5. ([12]) (Demi-closedness principle) auyi s T iduiisuuvulvergiasuuisn
ooln uazpeulNg C vo9U5)d8aiUsmT9939 H g1 T fdannse usa I — T iflu demi-closed
na1IAe dMIUUAaEa U {z,} [ C §79899U {x,} gitmuvepugunain « € C (Touuny
medyanval T, — z € C) uaza v {(I — T)z.} gumuuitugunauIin y (Jouununie
atyanval (I — Tz, — y) Uar (I = T)z = y o I 1TuiAtuenanvaluy H
unae 2.5.6. [u5pddailsmgeeie H velaa
2 2
lz+yll” < llzl)” +2(y,z +y), Vo,ye H
sio Uz I v vesieaidundrdyiluestaunlumsAnyvinisuszanuamaansasu
L% ] < o a0 <t J 3 L o d’-’ v € o U
vosantuuuulivengluliglisadsn A Ineldemaszd sl 18 (7)Y Jweddiaves
#anduwuulivesuuentos C vesiisalin H dmivusiay n € Nuay j = 1,2,..., N,
1] ag-n) = (o}, 037, a3”) lowhh o, o liag? e 0,4} uay o7 + o + af? =1 1lay
Kangtunyakarn way Suantai [14] Teasrafenddulmi S, : ¢ — C el
Un,O = I;
Uy = o' TiUno + 05 Ung+ o I,
Una = o ToUn1 + &5 Uni + o371,

n,3 n,3 n,3
Un,3 = ay T3Un,2 + &2 Un,2 + Qg I;

N1 N-1 JN-1
Upnor =a" " TnaUpn_z+ap” Upn-2+az 1,
N N N
Sn = Un,N = 0711, TNUn,N—l + a;z, Un,N—l + Olg' I
waziSuniangu S, 411 S-mapping Mnenialay Ty, Ty, ..., Ty uay ag"), ag"), . .,ag’,‘) U0

dunmaziiunnnnmsiuses 73 Wuilviduwuulivens Gunalviendu S, Wuileiduuuul
v X M va ¢y a o &
PYIWHIY UBNIINL Kangtunyakam uaz Suantai WRgNTIIRasRal

uwag 2.5.7. (12) BF C 1luimeosdin nownd uax luiifuien 719ve9v3pd strictly convex
Banach space X nvunl {T;}L, iduasddiavesiendusuulaverguu C suydld L, F(T;)
£ 0uar o; = (od,ol,ad), 5= 1,2,...,N, o of,od,ad € [0,1) of + 0 +of = 1,
o] € (0,1) @msuyn j = 1,2,...,N — 1, of € (0,1] uaz o, of € [0,1) dmsuyn
=1,2,...,N §9hidu S 18y S-mapping iineruidalne Ty, Ty, ..., T 4a% an, 0, . . . an
s F(S) = N, F(T)
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unsa 2.5.8. ([14) I C 1ifungoyln pouiInguaxliduesirven/Soiduinn X uas {T}Y,
iWuwdgIinvesWiguuv ivereuu C msvugay n € N wagyn j € {1,2,...,N} I
ag.n) = (a?’j,ag‘j,ag”j) aj = (aj,ag,aé) e a?’j,ag’j,ag’j € [0,1] aj,a%,aé € [0,1)
Q™ ol 4ol = 1uss o) + ol +od =1 auwi o™ - of Wlon — co dMIV i €
(1,3} uaewn j = 1,2,3,...,N 14 S uaz S, iiu S-Wersuiinerduiinley Ty, Ty, . .., Ty Uay
a1, 00, ., an Uag T1, Ty, ..., Ty 482 ol o™, ., ol 5wd 19y ud limp e | Sz —
Sz|| = 0 dmsuusas € C

unde 2.5.9. (5) W 2, y* € C 9sldn (o, y*) WWummasevosilyn (2.4.1) Araide o (Tugs
A5NYEIINATY G - C — C viadlag

G(z) = Po|Po(z — pBz) — AMPe(xz — pBz)|, Vz € C
1l y* = Po(z* — pBx*)

TulpsamsIdell ideasilvunnugnvesganisiamuavesiandu G medydnyal GVI(C, 4, B)

unAg 2.5.10. ((32) 1§ A : C — H 10uslentu L s-Lipschitzian uag relaxed (c, d)-cocoercive
Amualyi B : C — H ({uierndu Ly-Lipschitzian ua¥ relaxed (c,d )-cocoercive 19 G
C — C (i suideulaey

G(z) = Pc|Pc(x — uBzx) — AMAPc(z — uBzr)], Yz € C

§70< A< ﬁf‘;ﬁé@ uay 0 < p< X0 By G huilaituuyliveny
A B

YBT3 WAL UNIANYDINITUSTINUAMINARA VI T INauNWNAY NaIRAYTDN
ssuuihluvesomnisnsulsiu wastiymeasiedmiuieridunuulivorslusigiisadsn dnfy
Tl ol cﬁ%’alﬁa%wamﬁaueﬁv‘h%ﬁLﬁaﬂixmmmmwaLaaUi'ammiwuﬂtymﬁﬂﬂﬂao
pauMINsIUIHL Japnaaeiesin uagtominasnmmaay warUstynsmguianasaioudtoym
A5 UsEIaA v naaas S ve sruu gl veseaunis nis wlsiu Uy anesasu uay
Uayvnnauniweew 'imﬁu'alé'ﬁgnﬁwqwﬁuwnﬁéLﬁﬂ%aaszLﬁaﬁ%v‘iwﬂg’\ﬁa%’wfgu lnuswazidunay
wansliluionvosun 3
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Yo o

Wowluunil §3duihiaussuidouTsmsussinadiuundilemnanassmvesssuy
vhlveasaunsnsuwUsiu Jamnasnmnan waz Jymianssesudmiuaed Siinvos ety
wuuliveneluuigiisaidin wieuieigainguinisgindmiusadouisvinsiiassiuguanns
smvesdgmianan wenan i fUssgnsvguinsgdnifond YamnisUssinuemse sy
swvelggmnaenmuay JyniniswiaunIngud veailindu a—inverse strongly monotone

wazUgymyansisiuvesnddinvesisiduuuulivengluigidadin siwsihlydszgnddu
nsUssnuAEalaae Iuvesdgymaaun ey Jgvinismauninaud vesmuiUymives
#Hardu maximal monotone Yaymimsmaundnaudvesilaitu a—inverse strongly monotone

Fudunguunidnduuas drdyedndiiunnihludszendld damedngemans uiand waz
nmansuseens

3.1 suleudsussuaAuy vy

seilyuTsyg v ITTun 15 UssumI M NAIRAE TINVBI T UU TR YT RaNN1T NS LU SHY

Ugmnasamwey wasdymanssssandmsuvddiavesilsndunuuliveneluuiglisadsn ny
=] J o @ o & v [ [ o v v ] Q.  aa - ¢ o
fiiowansedAgdall: 19 C Jugndesta pounnduagliiuwninwesiisalsn H fvun
Tinnwes v wae z; € C wazds ey {u, }, {yn} woe {z,} lny

Fun, y) + o(y) — o(un) + %(y = Un,Un — Tn) 20, Vy €C,

yn = Po(un — pBuy), (3.1.1)

Tyl = apU + bpTn + (1 —an — b,)SpPo(yn — Ayy), n>1

e A, p Wusesswuasiiunndngud {r, } \Judwulugs (0,00) {an} {ba} Wudrdulugag
[0,1] uaz S, 1Wu S-Henduiineniiinlag 7},T2, o, Ty uae a§">,ag">, . ,agf,l) dmsunis
fgangufjunnisguinaznansivazidunluilenisely

3.2 VIQEfNIsgRUULY

m3AnwIvguiunnisgvessyfeudsvingt (3.1.1) guamavsiuvessruumiiven
paun1snsulsiy Jgmgasnweay waztywyaniiudmivndhinvesiiidunuubivens
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o sa af o w = ¢ a0 w & 9 e w1
Tuligiisaiiin uaranmsiTenungufiun wavesirnuiininddglaeldemaseddgssie

Wi

unad 3.2.1. mvuald A, B : C — H iJuwaisu a-inverse-strongly monotone lag B-inverse-
strongly monotone mua19u ay G : C — C iiuslanduiidenulne

G(z) = Pc|[Po(z — pBz) — AMPg(z ~ pBz)], Vz € C
97 X € (0,2a) uaz u € (0,28) uar G ({Duividuuvuluve e
Agod. "arsandmsu o,y € C la

|G () — G(y)|| = |Pc|Pc(z — uBz) — NMAPg(z — pBz))
— Po[Pcly — pBy) — MPg(y — uBy))|?
< ||Pc(z — uBx) - AMPe(z — uBzx)

— (Pc(y — uBy) = AMAPc(y — pBy))||
= (I = AMA)Pe(I — pB)x — (I — MA)Pc(I — uB)y|| (3.2.1)

Wagns WA T : C — H Wuiesndu w-inverse-strongly monotone ud I — 47" 1Wu
Hardunuvlivens dwmsuusiaz ¢ € (0,20) uazanauRguisimualivinlildn I — 34 way
I — uB Juitsrfdunuulivens unald (7 — A\A)Pe(I — uB) Wuiltsituuuulivenese fafu
nauns (3.2.1) agls G Wudsidusuuldveny L]

ngujun 3.2.2. i C (huwndostn nowany uay luiluien7vevigidaidsn H fmunli
Ffuslerdtuamn © x C 1Wéa R iaenndesduiieuly (A1)-(A5) uaz ¢ : C — R|J{+oo}
iluierddu proper lower semicontinuous Uas#entumeuiing fmunls A/B : C — H
iUty a-inverse-strongly monotone W@ f-inverse-strongly monotone M8 WY auyf
(TN, iundvishvesisituwuyliverevy ¢ Dili @ = N, F(T) NGVI(C, A, B)
NMEP(F,p) # 0 amsvusaz j € {1,2,...,N} Iy a§n) = (&, 037, 037 1o o,
ag’j, ag’j € [0,1], a?’j + ag’j + ag’j =1, {a?’j 9:11 C [m,61] F10 < m <6 <],
(@M} C (v, 1], 0 < oy < 1 iae {af I} (a9}, € (0,65] 890 < 0 < 1 Amunld
S 1y S-fervuiinorndalag Ty, Ty, ..., Ty wer o™, 8", .., o\P auyiifouly (81) wie
(82) 15939 Frvualii v uay oy iuanweslnglu C uas {zn}, {un}, {ya} (uarduiinmun
lng

F(un,y) + 0(y) = ¢(un) + 7=y = tn, un — 22) 20, Vy € C,
Yn = Pc(un — pBuy),
Tnt1 = @V + bnzn + (1 — ap — bp)SnPo(yn — Ayn), n>1

o A € (0,2a) uax u € (0,28) duioulvsoluiituase
(CI)iMpyo0 an = 0 UAE > 07 | an = 00;

(C2) 0 < liminfpoo0 by < UMsup, oo bn < 1;
(C3) im infr—se0 Tn > 0 U8 liMpooo [Tre1 — Tn| = 0;
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(C4) iMp oo la?“ji - a’f’f! =0 dmsuugaz i € {1,2,..., N} uag
iMoo fag tH7 — a7| = 0 umae j € {2,3,...,N}
UF7 {z,} GIOMUUING T = Pov bas (T,7) iWunaieagvesaw) (2.4.1) e § = Po(z—pBT)

Agou. fmuald z* € Q way {7, } Wudwiuresileidundeuluunes 2.5.1 9numss 2.5.9
uwalv

z* = Po|Po(x* — uBzx*) — AP (¢ — pBa*)]

S munld y* = Po(z* — uBr*) wag t, = Po(yn — My, 483 28 = Po(y* — AAy*) wae
Tntl = AV + bpzn + (1 — an — bn)Sntn

099N T = AA, T — pA, P war T, Wuilaitunuulaiveny fndu

ltn = @*|I* = |Pc(I = AA)yn — PoI = AA)y"|)?
< lyn = y*|° = | Pe = pB)un — Poll — pB)z* |

< Nun = 2 )% = | T ptn = Trn*)|? < |20 — 2|2 (322) -
Wuwalw

lzns1 — || = llanv + bnzn + (1 — an — by)Sptn — ||
< anflv ="l + ballzn — 27| + (1 = an = bn)itn — 27|
< anllv — 27| + balzn =@ (1 —an — bn)llzn — 27|

< max{llv - z*|, lz1 = =" ||}

fotfu {zn) Wudduiifvoun @unaly {us}, {ve b {tnh {Avn}, {Bun} uat {Spt,} Wy
SRURTvRUWA Y uaNIINTILIANI

”tn—H - tn“ = ”PC(ynJrl B /\Ayn—H) T PC(yn = /\Ayn)“

S ”yn+1 - yn”
= |Pofun+1 — nBuntr) = Pe(un — pBun)|
< Mlungr — unl| (3.2.3)

W8N up = Ty, 2n € dOMY WAE Uni1 = T\ Tni1 € domep AU

Fun,y) + o(y) — o(un) + Ti(y — U, Un — Tp) >0, Vye (3.2.4)

by

F(unt1,y) + o(y) — o(uns1) + (Y = Unj1,Ung1 — Tnt1) = 0, Yy €C (3.25)

Tn+1

FMNUAN ¥ = upyr WAUMST (3.2.0) UAE ¥ = u, tuauAs (3.2.5) 9slaan

1
F(unaun+1) + (P(Un+1) - W(un) + T—(un+1 = Up, Un — xn) >0
n
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by

F(tung1,un) + o(tun) — @(ting1) + (Un — Unt1,Unt1 — Tng1) > 0

Tn+1

Wesen F uiladdu monotone satiy

Up —Tpn  Untl — Tptl
<un+l — Unp, . - Z 0
Tn Tn+1

Wy

Tn

<Un+1 — Up, Up — Un+l + Untl — Tn —

(un—H n $n+1)> >0
Tn41

ylwtadn

Tn

)(Unt1 — 33n+1)>

Tn

Nunt1 — unl? < <un+1 — Uy Tnt1 — T + (1 —
n+1

< s =l hta =l 1~ -

s =il

n+1

Wae

unt1 — unll < flens: — Tnll + P ITnt1 — rall|ltn g1 — Y| (3.2.6)
n
PNAUNTS (3.2.3) wae (3.2.6) 9elaan
ltn+1 — toll < |zner — Tnll + (Tn+1 — Tnllltnss — Tl (3.2.7)
Tn+l

AVMUA T g1 = bpzn + (1 — bn)zn WddaE Lo

Tn42 — bn+lzn+1 Znit — OnZn
Znyl — 2p = -

1= bnis 1408

R Ap 1V -+ (1 — Qp41 — bn+1)Sn+1tn+1 _ anpvV -+ (1 — Qp — bn)S'n,tn

1— o 1— b,

Q a
= _ntl‘—(v - Sn+1tn+1) + —n‘(sntn - 'U) + Sn+1tn+1 - Sntn
1 % 5,
(3.2.8)
FBLUIERIITUIAN (| St 1tnrs — Sntnll dWSuusior k € {2,3,..., N} a¢léh
& k

“Un—i—l,ktn - Un,ktn” = ”ayll+1’kaUn+l,k—-ltn + CY;H Un+l,k—1tn + 01131“ tn

k k
- a?)kaUn,k—ltn - ag' Un,k—ltn - ag’ tn”
= ”a?_‘_l’k(TkUn-H,k-—ltn - TkUn,k—ltn)
+ (o7 — AP ) U k- 1tn + (3% — aFye,

1k k
+ag+1’k(Un+1,k~1tn - n,k—ltn)+(ag+ — " Wne-1tn]]
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& k
San+l’k||Un+11c 1tn — Up k-1t ““i‘lanﬂ & [ TeUn -1t

+1a2E okl + o @ M U ot = Up kit
1ol QR Ut
= (aMtlk ;H_lk)”Un-i_lk 1tn — Unk—1tn]|
et — oMU atall + o 7 — a2t
+lap M — R E || U, kit
< MUny1h-1tn — nk—1tn ||+|Ocn+1k n'k“lTkUnk—lt”H
1o — a3 litnl 4 ad* — a7 )+ (05 — af ) Ukt

< ”Un+1k 1tn — n,k— ltn” oty |an+1 k aly IHTk‘Un,k—ltn“

+1a5 " — ol Hl[tall + [af* — o RN U sl

+ 1y — af R U et

= NUns1k-1tn = Uneatall + 107 — 0T [T U i tnl] + (U kertnll)
+lag " — o F (ltall + U atall) (3.2.9)

naun1s (3.2.9) 9len
”Sn+1tn - Snt ” = ”Un-H Ntn 3 Un,Ntn”

< ”Un+l,1tn Un,itall + Z |O‘n+1J a?’j|(“TjUn,j—ltn” + ”Un,j—ltn”)

+ Z o5 = & [(lltall + U =il
la"+11 Ay 1 Titn — tol|

n Z 0741 — o1 (15U g stl] U g—stal)

+ Z 5™ = a3 |(lita]] + [Un - 1tnl)

9nleuly (C4) Hunaly
U [|1Sns1tn — Sptnl| = 0 (3.2.10)
n—oo

PNAUNT (3.2.7) azla
”Sn+1tn+1 - Sntn” < ”tn+l - tn” + ”Sn+1tn - Sntn”

1
SEnt1 = 2ol + ——|rny1 — Toll[Unt1 — Tny1|
Tn+1

+ ”SnJrltn - Sntn“ (3.2.11)



msUszgnanguiyansuieuiymeaunisniswUsiungnindenily 19

Tagauns (3.2.8) war (3.2.11) Wunali

A1 Q.
l2n+1 = 2nll = |1Zn41 = Znll € ——llv — Spi1tnitll + ——[1Sntsn — o]
1- bn+1 1- bn
+ HSn-th-H - Sntn” - ”xn+1 - -'If'n”
An+1 Gn
< ——— Ny — 8,41t Sptn —
STt v — Snt1tniall + 1o, [ Sntn — vl
|
4 lrn+1 i Tnl““WH - zn+1“
Tn+1
== ”Sn+1tn = S’ntn”
ndouly (C1-C3) waz (3.2.10) ¥ililern
tim sup ”Zn+1 - Zn” - ”xn+1 - xn” <0
n—>00
waglapunsia 2.5.4 3918 lzn — 2ol = 0 18 n — oo waTinINFe
im Enst ~ znll = Um (1= b2)l2n = 2nll =0 (3.2.12)
n—>00 n—oo

ndeuloves (C3) aunis (3.2.3) wag (3.2.6) WA unts — unll = 0, Ittt — ta]] = O
WY ||yns1 — Unll = 0 WO 7 — 00
o

Tnil — Tn = an(v — Tp) + (1 = anp —bn)(Sptn —n)

v
L

WIITasu

|Sntn — zn]l = 0 dlo no o0 (3.2.13)
ARIURTUEARNTT UM, oo [|Tn — Unll =0 PNUNAY 2.5.1(3) 9t i

fun — z* |12 = | Tpnzn — Trz* 2 < (Trp@n ~ Ty o2 20 — 2°)

* * 1 * *
= (tn = 2", 20 — 2") = S {{lun = 2*|* + ||zn — = 1? — llzn ~ unl®}

lun — )2 < llzn — 2 = flzn — unl® (3.2.149)
Tawunsa 2.5.3 wavauns (3.2.2), (3.2.18) 9glan

Zne1 — 2"|* < anllo = 2*|1% + ballzn — | + (1 = an = ba)ltn — 2*|°
< anllv = 2" + bullen — 2717 + (1 = an = ba)ljun — 2"|I?
< apllv - |+ bnllzn — z*||?

+ (1= an = ) [llzn — &*I* = llzn — unl?]

< an“U - z*”2 + ”"En - l‘*H2 - (1 — Gp — bn)Hxn - un“2
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Wunalw

(1= an = b)llen — wal® < anllv = "I + llzn — 2|2 = llens1 — 21

< anllv — 2|2 + (llzn — || + lZnt1 — 2" D l|2ns1 — za
Tnutdeuls (C1), (C2) wazauns (3.2.12) gl

im jlzn — unfl =0 (3.2.15)
oen

ISntn — unll < |Sntn — zall + |Tn — unll

nauns (3.2.13) wag (3.2.15) vlnlen
im |Sntn — unll =0 (3.2.16)
n—00

moluazuanty [|Ay, — Ay*l| — 0 ua¥ ||Bun — Bz*|| — 0 1o n — oo 9naun1s (3.2.2) 1574
Izni1 — 217 < anllo = 2*|* + ballen = 2* 12 + (1 = an — bo) It — |2
= anllv = 2|7 + bolzn — 2|
+ (1 = ap = ba)|Po(yn — AMyn) — Poly* — AAy*")|I?
< apllv = 2|2 + bnflzs — 2*|?
+ (1= an = bn) |l (yn — AMyn) — (¥° — 249912
<agllv - z||? +ballgn ="
+ (1= an = by) [[lvn =411 +AA— 20) | Ayn — Ay™|1?]
< anllv - 2*|? + flen — 2
+ (1= an = ba)M(A = 20) | Ayn — Ay*|

131

IZns1 = 217 < anllo = 2| +ballzn = "2 + (1~ an ~ ba)lltn — 2*||?
< apllv - a*|* + ballzn = P + (1~ an — ba)llyn — ¥
< apllo —*|* + ballzn — 2”2
+ (1= @, —by)|l(un — pBun) — (&* = pBz")|I?
< agllv - 2*FF + balln — 2*|?
+ (1 = ap — ba) [[lun — 2*|1* + p(p — 28)|| Burn — Bz"|1?]
< agllv — 2|2 + zn — 27|

+ (1 = an — bp)p(p — 2B){|Bun — Bz*|?
swaziy

- (1 — Qn — bn)/\(/\ - 20)”Ayn - Ay*]lz

< anllo =) + (lzn = 2" + [Zns1 = 2" DlZns1 — znll
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Wy

— (1 = an ~ bp)u(p — 2B)||Bun — Ba™|®

< anllv = 2P + (lzn — 2*|| + lZns1 — 2*])|Zns1 — zall
Fatalaannis (3.2.12) uaziieuly (C1), (C2) 914
|Ayn — Ay*l| = 0 way ||Bu, — Bz*|| > 0 e 7 — oo (3.217)

#elURLUANITY [|Sptn — tol| — 0 1B 7 — oo IngauMs (2.5.1) waznsduilaiduuuulivens
ve3 I — pB ¥nlilan '
lyn — v*I1* = || Pc(un — pBun) — Po(z® - pBz*)|*
< {(un — pBup) = (2" — pBz"), yn = ")
= 5 [1n — uBun) — (@ = Bz )P + o — "I
— [I(un — pBun) — (@* = pBz*) — (yn — v")|I°]
< 3l =21+ lgm — 717 = Um — =) = (3 — )1
+ 2u{(un — 2*) = (Y = ¥*), Bun — Bz*) — | Bu, — Bz*|?]
Tnpaunis (3.2.2) Wuwali
lyn — 5 1* < llun — 2*1° = | @n — 2*) = (ya — y")|?
+ 24 ((un — &) = (Yn — v*), Bun — Bz*) — p*||Buy,, — Bz*|?
<Mz — 217 = un — %) = (wn — I
+ 2u{(up, — z*) — (yp — y*), Bup, — Bz*) — p?||Buy, — Bz*||?
WsERTY
2nt1 = 2*1* < anllv - 2*° + ballzn — 212 + (1 — an — ba)llgm — y* 12
< apllv — 2| + bollzn — 2P+ (1 — an — bn) [0 — =*|?
= lun — ") = (yn — ¥
+2p{(un — 2°) — (yn = ¥"), Bup — Bz*) — p*|| Bu, — Bz*|)?]
< anllv — 22 + [lzn — 2"
— (1= an~ba)ll(un —2%) ~ (Yn — y*)”2
+ (1= an = ba)2ull(un = &") = (yn — y")ll| Bun — Be”|
Favilailsrin
(1= an = ba)l|(un — %) = (g — ¥
< anflv — 2 + (1 = an — bn)2ull(un — 2*) = (yn — y*) ||| Bun — Bz"|

+ (lon = 2| + I Zns1 — 2 D Znt1 — 2all
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satulaedouly (C1) wavaunis (3.2.12), (3.2.17) Wunalw

I — &) = (g — y*)]| = 0 dl® n — oo (3.2.18)

lnBunes 2.5.6 wazaunis (2.5.2) axla

Hyn = tn) + (" = y)? = [l(vn — Ayn) — (v* — Ay*)
— [Polyn — AMyn) — Pe(y* = AAy")] + A(Ayn — Ay*)|)?

< yn — Ayn) = (V" — AMy") = [Po(yn — Myn) — Po(y* — AAy")]|)?
+2MAyn — Ay, (yn — ta) + (z* — y*))

< Wyn = AMyn) = (" = MY — [|Pc(n — AMy,) — Po(y* — AAy®)|?
+ 2| Ayn — Ay (g — ta) + (z* = y*))|

< My = Auyn) = (" = AAY")|1* — IS Po(yn — Ays) — SpPoly* — AAy*)|?
+ 2MAyn — Ay |[[[(yn = ta) + (=* = y*)||

< l(yn — Adyn) — (v = AAy*)
= (Sntn = ) [l (yn — AAyn) — (v* — ANAY)|| + [|Sntn — z*|]
+2A[|Ayn — Ay [l (yn — ta) + (2" = y*)|l

= lun — Sntn + 2" =y — (un — yn)
= AAyn — Ay [l(yn — Ayn) = (y* = AAy")|| + |Snty — 2*|]
+ 2X[| Ayn — Ay I (yn — tn) + (a*=y*)|

fulavauns (3.2.16), (3.2.18) wae (3.2.17) VlRIEH [(gn — ta) + (z* — y*)|| — 0 e
n — oo lawaunTs (3.2.13), (3.2.15) uay (3.2.18) 2yl

+ 1 (yn = ta) + @ = y*)| 5 0 o n — oo (3.2.19)

folUILLARII

imsup{v — T, 2, — Z) <0
n—00
o4 Y & a v o ° & 2 o w da w &
5o T = Pyv ludowinaiaud Wewndwiu {t,} uay {Sat,} Wudwuiidveumsly ¢ ey
aunsadiendiuten {t,,} ves {t,} MW t,, = 2 € C ua
Um sup(v — T, Sptn, — Z) = im (v — T, Sp,tn, — Z)
n—00 100
& . v - .
WO My o0 [|Sntn — tal| = 0 981091 Sy t,, — 2 WD i — 0o
Aollazuanyin z € Q
(a) Buusnazuansi z e Y, F(Ty)
MnauRFIUTIEsIAaER o’ - o] € (0,1) uar o™ o ol € (0,1 dlo n —
co dmiuusiar j € {1,2,...,N — 1} uaz o}’ — ol € [0,1) flo n — oo dmu j =
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L] L'H

1,2,..., N fwuals S Ju SHddduiinedwualay Ty, Ty, ..., Ty 488 aq. as, ..., ay 419

aj = (&, ad,dd) dwmsu j = 1,2,..., N 99nunmd 2.5.8 WA ||Sntn — Stall — 0 i
J 1,02, 03

n — oo WiBIwIN

H‘Stn - tn” S ”Stn - Sntn” + “Sﬂtn - tn“

lngauns (3.2.19) il [|St, — tafl = 0 e n — oo
(osan th, — 2z Way ||St, —t,]| = 0 Tnoundh 2.5.5 uazunda 2,57 a2l 2 ¢ F(S) =

L, F (Ti) . .
(b) molUazianidn z € GSVI(C, A, B) \ipsan

ltn — zall < ||Sntn — tall + [|Sntn — x|

INauNIs (3.2.19) uay (3.2.13) 9zlal ||t, — an 050 7 — co wenniflasunde 3.2.1 2y
1991 G : ¢ — ¢ Wuiaidunuuldvee sy

ltn — G(Ea)ll = [[Fo(yn = AAyn) = Gl
= |1Po[P(un — pBun) = MAP(Un ~ pBun)] — G(tn)||
= [1G(un) = G(tn)l| < lJun — tall
< lun = zall + llzn — tall

F (|t — Gltn)l — 0 1f8 n — oo Taounda 2.5.5 9lé 2 € GSVI(C, A, B)

(© solustuaniin z € MEP(F,p) 10990 t,, — 2 Wat |jzn — tal] = 0 oty
T, = 2 9 JJup — 3,)] = 0 FWAAH u,, — 2 Wnelindnnsifeatuiunisigaiees [26,
Theorem 3.1, pp. 1825] aunsnudnslnin z € MEP(F, o) mssasty € Q 9NAUNTT
(2.5.3) wa¥ Sp.tn, — z ile 1 — oo 2¢léin

lim sup(v — Z, 2, — T) = imsup(v — T, Sptn — T) = lim (v — &, Sp,tn;, — T)
n—oo n—oo i—00

=(v-%,z2—-T)<0 (3.2.20)

lZni1 — Z)? = (@0 + bnzn + (1 = an — by)Sntn — F, g1 — T)
=ap{V =T, %41 — T) + bn(@n — T, Tny1 — T)
+ (1 —an —bn)(Sntn — T, Tny1 — T)

< an(v =T, o1 —T) + 5 b (lzn — Z1? + 20 — 7|°)

%(1 ~ an = ) (ltn — :c“2 + ||zn11 — 2

< an(v =T, Znp1 — T) + b (lzn = 2I? + |21 — 7)1%)

+50 bl 3 5 et 21

= an(V — T, Tny1 — T) + 5(1 — an)(llzn - f”2 + 1 Tns1 — E”2)
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Faudunale
Zn1 —Z)? < (0 = an)||@n — T + 260 (v — T, Tpy1 — T)
PNUNGN 2.5.2 uaraunis (3.2.20) wlin {z,} gwuudug 7 ]

MN=1LT1=S oy =ap'=0,9p=0, F(z,y) =0dwmSuz,yc Cuazr, =1
dmiuusiag n € N lunquiiun 3.2.2 ué us = Pozn = o, Mtulnonguijun 3.2.2 agldum
UNSNAFIATYSIL

ununsn 3.2.3. [5, Theorem 3.1] 1 C ifluiwmeoelia noviind uasluituwn 7998905
pAdaidsn H dmunly A, B : C — H 1Juilrtu a-inverse-strongly monotone tas f-
inverse-strongly monotone mNaIAY auxi S iTuenduuuylsverguy C lF Q@ = F(S)
NGVI(C, A, B) # 0 fmualif v uas =, iunimeslaglu C uas {zn}, {ya} (Duawui
amunlay '
yn = Po(zn — N‘B-Tn);
{ ZTnt1 = AU + bpn + (1 — ap — bn)SPe(yn — AAyy,), n>1

712 € (0,20), 1 € (0,28) Ua {an},{bn} uariuiidonndoaioulylunguiun 322 ué
{zn} gi0MUUING T = Pov use (z,7) slunawasvestlyn) (2.0.1) Wio § = Po(T — uBT)

3.3 n1sUszYnANgEUNNISERn

dY é’ [ < - P v ) |
weninlunisussendnguiun 3.2.2 ieualymin1sussanuAMINaIRauTIuYes
Uyminauamnan Jgwnsmanndnguduosiaingu a—inverse strongly monotone wastlgym

PRTITINYBNATIARYasiaitunuulivensluuSgigailn saunnhludssyndiunisdssunn
Amwaieag uvastymnasnm YgmsmaundnaudvessinuiUgymvesilendu maximal

monotone noufiazlavguiunnisgitimdy sndueendwemsuieuuarauifvesiaidu
1 é’ U U ¢ o . . Y 0 =
Aolull: 9enanIn T : € — C Juiandu strictly pseudocontractive DINUIUIN &k € (0,1)
v
2
1Tz ~ Ty|* < llz =y + K| = T)a = (I~ Thyl?, Vz,yeC

UG k = 0 udy 7 Duiedtunuuluvens uenandddmuai A = I-T 6o T: C — C
<, ¢ o . 2 v v o a L [ [
Wuilantu strictly pseudocontractive Wisuiuduauede k aglaindmsu «, yeC

(I — Az — (I — Ayl < lle -yl + k| Az — Ay
way

I(I—T)z — (I - Twl? = llz — ylI’ - 2(z — y, Az — Ay) + || Az — Ay|®
Wunalv

(@~ y, Az — Ay) 2 12 4z - ayi?

uupn A \Juleidu 155 inverse-strongly monotone
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ngujun 3.3.1. Iy C ithugagosln rowind uasluiluwemanveaSoddadsn H mminli
Fiduileiduomn C x C s R iigonndasiuiSouly (AD-A5) uay ¢ : C — RU{+oo} iy
Wnvu proper lower semicontinuous WUag ﬁm”zf"ﬂﬂaunf)?f amuali T,V : C — C (Juiiridu
strictly pseudocontractive WA AR k, L muaay auyi {Ti}Y | LuasrTmYe Ity
uvvlivenguy ¢ ili @ = O 1F(T)ﬂGSVI(C I—-T,I —-VYO\MEP(F,p) # 0
Ltﬁ]'m’j ef{1,2,...,N} Iy a(") (Oz1 , o ag?) e o a2 Il € (0,1], & 4ol +

a3 =1, {al’] jvll C [m, 6] 9 0<m<6 <1 {a} } C [n,1], 0 < v <1
uas {op? 3N, {af 7} € [0,65] F90 < 62 < 1 Fmuali S, 1Ty S-Aerduneduinlag

Ty, Ty, ..., T sz o™, o™, .., ol?) suddouly B1) 3o (82) 1Tua3s Frvunli v uas o,
iWunmmeslnglu C ua., {xn}, {un}, {yn} (uarmviidmunlng

F(un,y) + w(y) - Qp(un) a3 %(y = Up, Up — xn) > Oa Vy € C:
= (1 = p)un + uVup,
Tngl = An¥ + bnTn + (1 —Qan — bn)Sn((l - /\)yn + /\Tyn), n=>1

o A€ (0,1 — k) uaz p e (0,1 - 1) duSoulvdaluidiiuads
(C1 imp_y00 n = 0 UBY D 02 1 @y = O0;
(C2) 0 < liminfy, 00 by < UMsUp,, o, bn < L;
(C3) iminfr o0 Tr > 0 U8 liMp oo |Tne1 — ] =0;
(C8) UMy o0 J7 T — o™ = 0 dm5U i € {1,2,...,N} uaz
2P o) = 0 amsuusay § € {2,3,..., N}
ua1 {zn} gtmuuwwg T = Pov Uay (7, §) iunataagveetayn) (2.4.1) e y=(1-p)z+
uVZT

Mp—e0 03

Agov. fwun A =1 - T uag B =1~ V a¢ldl A 1y 155 inverse-strongly monotone uae
B lu LZhinverse-strongly monotone AMuATAY At

Po(up — pBuy) = (1 — pug + uVu,
way
Pe(yn = Ayn) = (1 = Myn + ATy
Mnmguiiun 3.2.2 wlimguiuniiduass L]

nguiun 33.2. Ui H (luspidadsn uaz Fifuiituom H x H W R Seaennde
AuiSouly (AL(A5) Fwvuald ¢ : H — RU{+oo} ifuseritiu lower semicontinuous uay
Werigumeusng I A « H — H 10uWeri®u a-inverse-strongly monotone ausé {T;}Y,
iunddtnvesieidunuylvenguy H il @ = O, F(T)NAT'ONMEP(F,¢) #
0 dmsvusmay j € {1,2,...,N} I a( M = (&« 2’1,a 7) e al’],az’J,a3’] € [0,1],
ol + oyl v oy’ =1, {al‘J}N L C [m, 6] o?u 0<m <6 <1 {V} w1
0 <y < 1usz {af? i Lies My C [0,6.] F10 < 65 < 1 Fmuals S, 1y S-Farity
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Andalay T, Ts, . .., Ty tag oM. o™, .. o\ quydidouly 81) w3o (82) 1Tuv3e fmmunli
v 4aY T Aﬁunmmas"lmiu H uas {a:n}, {un}, {yn} sDus 18U IIURIRE

Flup, y) + ¢(y) — @(un) + 72y = un, un — 24) > 0, Yy € H,
Yn = Un — AAunp,
Tntl = an¥ + bnxn + (1 —ap — b)) Sn(yn — Myn), n>1

o X e (0,20) doulvaeluiliiusse
(C1)impse0 an =0 UBE D 00 1 an = 00
(C2) 0 < liminfp_ 00 bn < limsup,,_, o, bn < L;
(C3) iminfp_oo Tn > 0 U8% iMpyeo [Tne1 — Tl = 0;
(C) iMoo laTT — o) = 0 @ WSUMABE i € {1,2,..., N} Uaz
M n—s00 lan-H’] g’jl = 0 Uumaz JE {2,3, ...,N}
ua? {zn} vegluUUNg T = Pov

a

o

Agow. dwun A = u, C = H, B = A uag Py = I lunguijun 3.2.2 lngnislgndnnig
HguiAeIiuny (2, Theorem 4.1, pp. 388-389] @awnsauanlain A—10 = GSVI(C, A, B) =
VI(A, H) way

Ugyvn (2.4.1) & g (2.4.2) & VI(A, H)
Safusrnngquiion 3.2.2 limguiunduase U

aolUazlvtiouiidduesiuitgnl (resolvent) wosilsidumaiiod B : H — 27 &3

Amuasatl JP = (I +rB)~! dwmduusiaz r > 0 waviuivsuiuddn F(JB) = B~10 uay
B & ¢ v 1 ’ ° e’Lulu = T §
JB uisidunuuliveny yilvlamgeunndifgaell

ngudun 3.3.3. 1 H (Juv3gisadsn uss F (duilituom H x H [ R §aonndos
suilouly (A1)-A5) Fvuali © « H — R|U{+oo} tfuslerisi lower semicontinuous uae
Waritupeuiang IF A - H — H 10uiendu a-inverse-stronely monotone uagnvua
B1,Bs,...,By : H = 2H ({luierisi maximal monotone vl Q = Ny, B loNnA-10
NMEP(F,p) # 0 dmsuusas i € {1,2,...,N} tay r; > 0 bi Jf: Lﬂum”atszﬁzyw77/ao
B; amivumas j € {1,2,...,N} Zﬁ’agn) = & 1,] oy’ ag?) 1o o el o e [0,1],
o a4 af? =1, {al’J}N L C [, 6] Fio < m <6 <L {of MY ¢ w1}
0 <y < 1uaz {af?},, {of7}, ¢ [0,6,) §0 < 0, < 1 imualif S, 1y S-Weritu
inorudalay JB, JB2 . JBN gy of™ oM. o\ auydiouly (81) we (82) iuede
Fmunls v Uay o, 1uameeslagly C uaz {z,}, {un}, {vs} iuasuiimmualag

F(unay)+90(y)_‘P(Un)'*‘%(y_umun_xn) >0, Vye H,
Yn = Up — AAug,
Tntl = an¥ + bpZpn + (1 —Qn — bn)Sn(yn - ’\Ayn)7 n>1

o A € (0,2a) duToulvaoludidune
(C1) limp =00 an = 0 Uae Zzozl an = O0;
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(C2) 0 < lim infp_y00 by < liMsup,,_,. bn < 1;
(C3) M infr oo Tn > 0 HAY iMp 00 [The1 — Tn] = 0;
(C8) limp 500 laf T — oY) = 0 dmsuumae i € {1,2,..., N} uay
liMmn—oo jo3 T — | = O umay j € {2,3,..., N}
a7 {z,} wGMUUITNG T = Py

Agod. dmSuusiay i = 1,2,..., N uay r; > 0 9l F(J5) = B0 W Py =TI uay
T, = JB: dwduuday i = 1,2,..., N Inevguiiun 3.3.2 Uulivguiundusis U
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miﬂswnquwgmmaLwaLmﬁmmaaumﬁmsLLinummnuﬂmlﬂ LUumm%wm

LLﬁ’N‘W]‘U@LVH]‘\)S\‘]LﬂEJ’JﬂUﬂ'ﬁW’]NﬁLQﬁE)i’JJJ‘U@Q‘i UU‘VI’ﬂU“U’eNEJﬁJJﬂ’ﬁﬂWiLLUiNU ﬁmmﬂaamw
Wely LLau{jiy'Vi’]i)ﬂ613\13’311?1'1‘1’131)'3\1?1%’]f‘lﬂ‘U@QWx‘lﬂ‘UULLUUIJJ’UEHEJIU‘UiﬂlJﬁﬁLUim IﬂEJE)']ﬂEJﬂ’T]JJi

‘UE)W]E]‘I:JJ;]%WG)NL’U']JJ’)‘U’J EJI'IJﬂ']'i’Jﬁ]EJ Naﬁ)']ﬂﬂ’]i')"ﬂﬁﬂ.ﬂ‘ﬂf]LVIWONVIﬁ']ﬂﬂJIﬂUJJLU@%']ﬁTiuﬂW}BVLUu

4.1  suUgUASINYIANYI ey
'iuLUEJU’JSVH‘U’lm‘tIﬁﬂU’Im'SU‘i"lﬂmmwmaLQﬁEJ'S’JJJ“UEN?»UUVDIU‘UENEJHNM‘&ﬂ’ﬁLLUSN'u

ﬂmmﬂaamwmau LLﬁu{jEy‘WV\]ﬂGli\'iS’JJJEI’WI’S'U’N?W’Iﬂﬂ‘UEN‘W\‘]ﬂ‘UULLUUhJ‘UU’]EJ IﬂUﬂ'\‘Vi‘UﬂiuLUU‘U

Widiaid: W ¢ Duwndestn rounnduashiumsineec3giBalsn A fmuslinnmes
v ey 71 € C uavas N {u,}, {ya} way {z,) lne

Flun, y) + ¢(y) — o(un) + %(y —Un,Un = Zn) >0, VyeC,
Yn = FPo(u, — pBuy),
Tnt1 = an¥ + bnZpn + (1 — an — b,) S, Po(yn — AMyr), n>1

e S, Wu S-eitunneiuiinlay Ty, To,..., Ty 4@ o (") (") . (") dmiu A uaz p

3

Lﬂuaaammu%smmnmmua {r.} Wudwivlusas (0, oo) ey {an}, {bn} WuduTugag
[0,1]
4.2 WAAWIUNISIVY

wamﬂms'mamwszqﬂ MY ﬂmmwmmﬂmmaaumsmiLLinuwnmwuath 1
nquiunuazesdmusinifiddy neflswasdoadereluil

unne L. Awueli A, B : ¢ = H {Juiteidu a-inverse-strongly monotone wag B-inverse-
strongly monotone audsiu was G : C — C Wuilsiduiiteulay

G(z) = Po|Pc(z — pBz) — AAPg(z — uBz)], Yz eC

01X € (0,2a) uaz u € (0,28) ud G Duiariduwuulyvons
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ngufiun 2. W C WuengesUn rouning uarhiluwnineesdiglidadsn B fmunld
F duiledunn € x ¢ W R Adenadosiueuly (AD-A5) war ¢ : C — R{J{+oo}
Wuieidu proper lower semicontinuous warHendumeuning nwuwelf 4,B : ¢ - H
\huilaridu a-inverse-strongly monotone uaw -inverse-strongly monotone MudRY duyR
(TN, Wueddrdavesitsitunuulivenswu ¢ ivild @ = NY, FT)NGVI(C, A, B)
NMEP(F, o) # 0 dwsuusay j € {1,2,...,N} I a(") = (al’J an? al?y il ol
QQ’J, ay? € [0,1), af? + afd + ot = 1, {al’J}N L C m, 6] 90 <y <0 <1,
{a?™} C v, 1), 0 < v < 1 uaz {ag 31V o1V,  [0.62) F10 < 6y < 1 Fvualn
S, Wu Slituiinesudnlng TimPepre TN Wag aﬁ"),ag"), o N) amgmwauh B1) #50
(82) 10uass Amunl v uaz oy Wunnweslalu C uay {2n), {un), {yn) Wudrduiitvue
lay

F(un,y)+<p(y)—go(un)—l-;l:(y—un,un—xn) >0, Vyed,
Yn = PC(Un - ,UBun)a
Tpi1 = Gp¥ + by + (1 — Qp — bn)SnPC(yn = /\Ayn)7 n2>1

e A € (0,2a) uay u € (0,28) fdouluseluiiduese
CD iMoo an = 0 hay 307
(C2) 0 < minfr o0 by < UMsSUP,, oo bn < 1;
(€A UM infy o Tn > 0 UaE My o0 [Pna1 = 7n] = 0;
(C8) My, so0 [af T — @] = 0 dmiuwslaz i € {1,2,..., N} uay
liMn_yo0 lag T — a7 = O usar j € {2,3,...,N}
Wi {z,} gUMUUNE T = Povuat (F,7) Wunamavoslaym (2.4.1) e y = Po(z—pBT)

an = 00,

wennigIdulnusEynavguun 2 Weuilyminisuszuuamaaiaassiuvesdgm
Aasamuay UgvinismaniInaudveailandu a—inverse strongly monotone wazdgyman

s mvesndNinvesflituuwuuhivensluds gidadsn syuvsiludssgnidunisusvan
Avnaeae Smvadminasniw Yyvinismamdnaudvossnun Uy vesilenidu maximal

monotone waxléviquiuniidrdafeluil
nauijun 3. W C DuwndesTn Aounnd warlibuwninwesigiisadsin # dmuald F
Duilsiduan © x ¢ Wi R fiaenadestuieuly (AD-A5) way ¢ : ¢ — RU{+oo} Hu
Haridu proper lower semicontinuous kagHnidurauIng fvuals T,V : C — C Duiandu
strictly pseudocontractive wiourfuanA k, Umuawu auyd {1, WureAdinyeaiandu
wultiversuu ¢ il Q = N, F(T) ﬂGSVI(C I T, —V)\MEP(F,p) # 0
uray j € {1,2,... N}T‘Vi a(") (al’J a2’J,a 7Y \dle al’J,QQ’J,a3” € (0,1], al’]+a2’J+
=1, {7} [m, ]m0<n1<91<1 {aP} ¢ w1, 0 < v < 1

uay {3 1), {af 1Y) < [0, 6] 510 < 8, < 1 dwuald S, Yu Sliduderuinlag
Ty, o, ..., Tn b8% o ( ), aé"), o §V) auqmmauh (B1) v38 (B2) 1Tuase Mvualyl v uas ;
L"TJunnmaﬂWﬂ,u C ua¥ {zn}, {un}, {ya} Wuduiiimunlng

F(un,y) + @(y) = @(un) + 7oy = tn,tn —2n) > 0, Yy €C,

yn = (1 = wun + pVuy,

Tnt1 = an¥ + bpZn + (1 — ap — bp)Sn((1 — Ayn + ATyn), n>1
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e A € (0,1 — k) waz p € (0,1 ~1) frdoulvdelutidueia

(CDliMpsoo an =0 W8T Y07 1 ap = 00;

(€C2) 0 < liminfp_se0 by < limsup,,_, o, bn < 1;

(C3) iminfryeo Tn > 0 WAY UiMpyoo |7ne1 — ol = 0;
L _ oM =0 dmiuie {1,2,...,N} uay

g W P 3’1( =0 dwsuwsiay j € {2,3,..., N}

ud {z,} Qmuuumuq T = Py wae (z,7) Wuwamasveslgm (2.4.1) e 7=010-puT+
N%

(CA) liMpe0 |
n+lj

naufum 4. W H (Guuinidadin uas Fiduilsiduan B x H Wi R Saonadesiuiouly
(A1)-(A5) Amuali ¢ : H — RU{+oo} Wuitendu lower semicontinuous wagiendumsy
ong W 4 : H — H {Juileddu adnverse-strongly monotone auyi {7}V | {Wuaedsnin
vesiarduuuuliivensvy B fvili Q = N, F(LYNATONMEP(F,¢) # 0 dmiuusaz
j € {1,2,...,N} 1% a(n) (@, 07 a?) dio o’ oy’ € [0,1], & + ap? +
! =1, {a}51 C [, 6] 3 0<m <6 <1, {oaP"} € v, 0 < v <1
way {a}”’ ;Vl,{aS” X1 C [0,62)] F10 < 0, < 1 fwuald S, 1u S-Heddusuinlag
T, Ty, ..., Ty waz ol oV, . ,ag’}) auymau‘lw (B1) ¥50 (B2) 1wWuase Aviunldt v wae z;
Lﬂunmmaﬂm'ﬂu Huag {z,}, {un}, {yn } Wudduiicnvuning

F(un, y) + 0(y) = 0(tn) + 7=y — tn,un —2,) > 0, Vy € H,
Yn = Up — AAun,
Tnt1 = anVU + by + (1 — @y ~ bn)Snlyn —AAy,), n>1

e A € (0, 2) drideulusioluiifuess
(CD limp 00 an = 0 WA 3 20 o
(€2) 0 < liminf, 00 by, < limsup,, .. by < 1;
(C3) im infpy00 Tn > 0 W88 liMp 00 |Tre1 — ] = 0;
(CO) lim,y o0 [aTTH — ™| = 0 dwiuusaz i € {1,2,..., N} uay
liMn 00 Ia"H’J ag?| =0 usay j € {2,3,...,N}

Wi {z,) g muung = = Pou

Y

an = 00;

nauiiun 5. B 7 (HulSgiigadin uar 7 iduiliiduan B x B U8 R daaenndeaiuiouly
(AD-(AS) fwualii o : H — RJ{+oo} iuiandu lower semicontinuous uaziendunauiin
§ W A: H— H Juilandu a-inverse-strongly monotone waznwiunly By, By, ..., By :
H — 2 {Huileii®u maximal monotone il @ = N, B7'0 A~10(\ MEP(F, ) # 0
dwmiuusiar i € {1,2,. N} waw > O‘Iﬁ JB Jusudtdymees B; dwmiuusiay j €
{1,2,...,N}n a( "= (a1 Lo ) e o, a2’J, ag? €0,1), &4 + o + o =
1, {7} € [m,61) 30 <m <6<l {7} c nn,1), 0 < v < 1 uae
{af? 1L {ag? 1L, < [0,62] F10 < 02 < 1 Amuald S, WDu Slsiduiineduiinley
JBy gB2 JBN uay ("),ag"),..., EV) am;maul‘u (B1) %38 (B2) 1Wuase

re
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Avuald v wag z; Wunnweslaglu C uay {zn}, {un}, {ya} Wudwuiinimualay

F(un,y) + ¢(y) — o(un) + -y — un,un — z2) > 0, Vy € H,
Yn = Un — )\Auny
Tl = anU + bpxn + (1 — ay — by) Sn(yn — Ayy), n>1

o A € (0,20 dideulusioluiiduess
(CD) liMp 00 @n = 0 AT D 00 an = 00;
(€C2) 0 < lim infp—s00 by < liMSUP, o bn < 1;
(C3) im infpyoo Tn > 0 W8E IMys00 [7n41 — ™ol = 0;

(CA UMy o0 [T — | = 0 dvduumaz i € {1,2,...,N} uay
iMoo laf T — o] = 0 usiay j € {2,3,..., N}

W {zn} egiinuuuug T = Py

maUszynang vianns wiauitymeaumsnsudsduiigniadeialy vilulivgsfuas
pernuiiniianusniluldlunisdedwanunmeinings swvahlvvssgnaldivinemans
U3avs waringrmansusyens
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d5UNA 9AUTIUNA UASUDLEUDLUE

N3 AN 5808UTTYINGT 1 UseuntuAI M Halaae 991 199 ssuu LU v oauns N3
wUsiu Yymgaenimmau uarToywigessssmvevsdiiavesileidunuulivenslugigigadin

o4 vy P ¢ ido o oo o o X Hvaw v a 4w v
Falanguijunuaroadrnuiimindfyds dmsuilemluunidivuldlineauBoaivitu 1o
ajlanMmside efuTeranTITeuasTalauauurNdRey Awaluil

51  d5Unansivg

mMsUseynAnguianmsaiieud Yy oaunisnmsudstuiigninedevinly Wunmside iy

. o v a ) ' ' £
§7U (basic research) WayjauansdomisaiafgrfunsUseanuamnanayuesssuuiall
Y09auM NI uUsiy Jymnasameaan waz Joyvi9nniesiudmivndndnvesfaiduuuy

ivneludsfisadsn wieuiigaivguinsgirvessulouisvhilaseiu nuiusegnd
nqufunmsguindioudtaymnsvssinasmeainassmes dymnasnweaay Ygminisma
ulingudvesiaitu a—inverse strongly monotone uarlgymynniesiuvendindnvasiaidu
wuuldvenelulsgigaiisn sauﬁaﬁﬂﬂﬂszqﬂﬁﬁ’umsﬂszmmﬁhmmamaas'amaaﬁmmqaamw
Yomnsmaningudveaiuidamivesileridu maximal monotone #a91nN33dlstaagui
dfty 2 Ysens il

Uszmsusn sudouidvhardmiunisvssnasmuainas ;i vesssuudlgmiialy
vaspaun1InNsuysiy Uymaesiein uaslgmnaenmnanluUigisadsn Tnefissidouisv
sntasetlmitlfaseunqussdouivine iidnulay Ceng uavany (2] nan93dewuinsidou
FvhsililunisAnunildginuuududuanasuvestymind saimguiunnisgdnile
ammﬁ%’alﬁmamqquwﬁms@:w”wmsxLﬁauﬁ%'ﬁw'j’vﬂﬁﬁnmiﬂa lng Ceng uavame (8]

Ussmsitaes limquiinisginvessudouisvishiiadetuuasUssgnimnuiundana
e W Yeywn s Ustanau A w wa 1eas Sauves Y gasn ey gy nns a3 gud ves
#aridu a—inverse strongly monotone uasUgymannsasauvevisAsiinvesilaiduuuuliveny

Tudiglisadin suviniluussgnddunsussanuavaaiaassuveslymigasnm Jyminns
waunngudvewnuilymvesiandu maximal monotone
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52 aaUs9Ka

NAIINNTIVULNLINUNNTUTEULATMIHNARAYSINVDITEUU W UD99aun1s NS U
Ugmnawnmuay waz UgymaasSeswdmividdinvesieiduuuulivesTuus g isadin

IuflusgnbadiosefuszifouiSiguielilunsussnurmranassiusing lavsudeuds
vingltlunisdnwde

Fun,y) + 0(y) = o(un) + 7(y — Un, n — 2,) > 0, Vy € C,
Yn = PC(Un - ,U'Bun)a
Tnil = p¥ + bp2n + (L —ap — brn)SnPc(yn — Ayn), n>1

e A uay p Duasssnuaieitnnitgud {r,} Wudilutis (0, 00) uar {an}, {bn} 1y
gty Tuvn 0, 1) wae S, Wu S-lsiduitnedwinloy o, Ts, ..., T war o™, o™, .., ol
nsudouTsddoniiui dmeteulvnsesieudiaanounqusslouisidnyinieu s
Fvguinsgiiildonmsidelsnseuaquuasiuaroutiseluil

g Y o

1. M A = Buar S, = S umsulouidmandnwilsrangUidusefoviBvirgfidmun
1y
Fun,y) + ¢(y) = o(un) + =y = tn, un — 20) >0, Yy e C,

Yn = PC(un - ,UAun)a
Tnt1 = QpV + bpxy + (1 ~ Qn — bn)SPC(yn - )‘A'yn); n>1

Fadnwlae Qin, Cho way Kang [74]
2. 01 F = ¢ =0, = 1 udt S, = S udmsaifovisgndnuilavansuidusaouism

v o
=

FWNNUA LAY

Yn = Pc(un — nBuy),
Tnt1 = ap¥ + bpZpn + (1 = ap — b,)SPe(yn — ANAy,), n > 1,

Fadnwilay Ceng et al. [3]

3. 0MN=1T =S5, ag’l = ag’l =0,0=0,F(z,y) = 0 dW3U z,y € C uag r, j 1
dwmivusiar n € N Ui u, = Poz, = 2, MWinguijunnisgwiiilaannnisidoila
ATBUAREVIGUNITgWIvesulouisyigmdnelae 1ne Ceng wazany [8]

53  UBlEUBLUY

3 UsEINAIAT M HA LA TN TR S UL U ved AT N3 WUsEY. Dy saga ey
waw Sy gansesm dmiunddrfnvesfterdunuulivonsluys g isadsmiu weagyuumn
Ftumsidesie faseluil
Ay ansofnwspouiivinddug Arssuaqusndeuithsidnylulasims

Flun,y) +¢(y) — (un) + %(y —Up,Un —Zn) 20, Vy€C,

Yn = PC(un - ﬂBun)7
Tnt1 = anf(Tn) + bnZn + (1 — @) SnPo(yn — Ayn), n>1
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Wi f : C — C \Wuilsidu contraction uae A u luassdunwaieinnningud {r,} dJu
a1euluY (0,00) {an}, {bn} Wudwiu Tute [0,1] uay S, WWu S-Heiduiineduiinlag
T, Ty, ..., Tn waz ol o™ . ,aﬁ(}) Fviuim f(z) = v Vz € C wlahsadovu

Y

Tvihomias1adull aseuaqussilouiBiginyilulasinsided

2. gaulaenmsofnyinmsvssunumyeasavesiinduiiland (randlvaindy) Hedduuuuhi
Y818 1wu WU strictly pseudo contractive mapping, quasai nonexpansive mapping
asymptotically nonexpansive mapping *

3. gaulaaunsnAnyInTUsEnMAIMING AU TIN YR T UL DANN T NTUUSAUKUY T 1wy
Uymeaunisnsudsdumly dutudgmiiipseuaau Yyvnoaunismsudsdu Anwilag
Yu wag Liang [40] TnsfiUgmneaunisnisudsiwinly Ao niswanndn w € C It

(u—7Bu+ MNu,v—u) >0, Ywe C

dlo A, B : C — H {Wuiaidu uay + A Wusesdmiuasaninlag

4. ganlvanunsodnyinisussunnamnaaassmesUnnesnHaN sruuiluYeeaunts
nsudsiu Jywngessesiy andigligainguinivina
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1. Introduction

Let H be a real Hilbert space with inner product (.,.) and C be a nonempty
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closed convex subset of H. A mapping 7 : C — C is said to be nonezpansive
mapping if || Tz — Ty|| < ||z — yl|| for all 2,y € C. The fixed point set of T is
denoted by F(T") :={w e C : Tz = z}.

A mapping A : C' — H is called a-inverse-strongly monotone, if there exists
a positive real number « > 0 such that

(Ax — Ay,z ~y) > aflAz — Ay||?, Vz,y € C.

It is obvious that every a-inverse-strongly monotone mapping A is monotone
and Lipschitz continuous.

For a given nonlinear operator A : ¢ — H, we consider the following
variational inequality problem of linding #* € C such that

(Az*,z —z%) >0, Vz e . (1.1)

The set of solutions of the variational inequality (1.1) is denoted by VI(C, A).
Variational inequality theory has emerged as an important tool in studying a
wide class of obstacle, unilateral, free, moving, equilibrium problems arising in
several branches of pure and applied sciences in a unified and general framework.
The variational inequality problem has been extensively studied and continued
in the literature, see, Piri {11}, Qin et al. [12], Shehu [13], Wangkeeree and
Preechasilp [17], Yao et al. {19}; Yao et al. [21] and relevant references cited
therein. ;

Next, we focus on a general system of variational inequality problems [in
short, GSVI] which is considered by Ceng et al. [1]: find (z*,y*) € C x C such
that

Yyt -yt -t > T
{ Ny +2* —y*xz - z*) >0, VzeC, (1.2)

(uBx* +y* —a*,x —y*) >0, VzeC,

where A, B : ' = H are two nonlinear mappings, A > 0 and g > 0 are two
constants. In particular, if A = B, then GSVI (1.2) reduces to find (z*,y*) €
C x C such that

(1.3)

MNy* + 2" —y* 2z —2*) >0, Vz e,
(Az* +y* — 2%,z —y*) > 0, VzeC,

which is defined by Verma [15], and is called the new system of variational
inequalities. Further, if we add up the requirement that =* = ¢*, then problem
(1.3) reduces to the classical variational inequality VI(C, A). Ceng et al. [1]
introduced and studied a relaxed extragradient method for finding a common
element of the set of solutions of GSVI (1.2) for the o and B-inverse-strongly
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monotone mappings and the set of fixed points of a nonexpansive mapping in
a real Hilbert space. Some related works, we refer to see (2, 4, 7, 8, 16, 20].

Recently, in 2012, Ceng et al. [2] considered an iterative method for the
system of GSVI (1.2) and obtained a strong convergence theorem for the two
different systems ol GSVI (1.2) and the sct of fixed points of a strict pseudo-
contraction mapping in a real Hilbert space.

Let ¢ : C — R|J{+o0} be a proper extended real-valued function and F
be a bifunction from C' x C to R, where R is the set of real numbers. Ceng and
Yao [3] considered the following mixed equilibrium problem (in short, MEP):

IFind z € C such that F(z,y) + o(y) > o(z), Vye C. (1.4)

The set of solution of MEP (1.4) is denoted by M EP(F, ¢). It is easy to see that
z is a solution of MEP (1.4) implies that € domy = {z € C | p(z) < +o0}.
If ¢ =0, then the MEP (1.4) becomes the following equilibrium problem:

Find = € C such that F(z,y) >0, VyeC. (1.5)

The set of solution of (1.5) is denoted by EP(F").
If I' = 0, then the MEP (1.4) reduces to the convex minimization problem:

Find « € C such that o(y) > p(z), Vye C.

If o =0 and F(x,y) = (Az,y — z) for all z,y € C, where A is a mapping
from C into H, then MEP (1.4) reduces to the classical variational inequality
and EP(F) = VI(C,A). For solving problem MEP (1.4), Ceng and Yao [3]
introduced a hybrid iterative scheme for finding a common element of the set
MEP(F,p) and the sct of common fixed points of finite many noncxpansive
mappings in a Hilbert space. Some related works, we refer to see [7, 13, 16, 19].

Motivated by the recent research work going on in this fascinating field.
In this paper, we introduce a hybrid method for finding a common element of
the set of solutions of GSVI (1.2) for a-inverse-strongly monotone mappings,
the set of solutions of MEP (1.4) and the set of common fixed points of a finite
family of nonexpansive mappings in a real Hilbert space. Furthermore, we apply
our main result with the problem of approximating a zcro of a finite family of
maximal monotone mappings in a real Hilbert space. Our main result extends
and improves the recent results of Ceng, Wang and Yao [1] and many others.
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2. Preliminaries

In this section, we recall the well known results and give some useful lemmas
that will be used in the next section.

Let ' be a nonempty closed convex subset of a real Hilbert space H. For
every point © & H, there exists a unique nearest point in C, denoted by Poux,
such that

|z — Pex| < lz —yll, YyeC.

P is called the metric projection of H onto C. It is well known that Po is a
nonexpansive mapping of H onto C and satisfies

(# —y, Pox =~ Poy) > |Pecx — Peyl?, Va,y € H. (2.1)
Obviously, this immediately implies that
e —y) — (Pex — Pey)l? < lle = ylf? — Pz — Poyl?, Vao,y€ H (2.2)
Recall that, Pz is characterized by the following properties: Poz € C and

(v - Pox,y — Pex) <0,
e gl >l — Poall? + [ Poz — I, (2.3)

for all z € H and y € C; see Goebel and Kirk [5] for more details.
For solving the mixed equilibrium problem, let us give the following as-
sumptions for the bifunction F, ¢ and the set C-
(A1) F(x,z) =0 for all z € C;
(A2) F'is monotone, i.e. F(z,y)+ F(y,z) <0 for all z,y € C;
(A3) For each y € C, v — F(x,y) is weakly upper semicontinuous;
(A4) For each x € C, y — F(z,y) is convex;
(A5) For each © € C, y — F(z,y) is lower semicontinuous;
(B1) For each 2 € H and r > 0, there exist a bounded subset D, C C and
yx € C such that for any z € C'\ Dy,

1

(B2) C is a bounded set.
In the sequel, we shall need to use the following lemmas.

Lemma 2.1. ([10]) Let C be a nonempty closed convex subset of H. Let F'
be a bifunction from C x C' to R satisfying (A1)-(A5) and let ¢ : C — R{J{+o0}
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be a proper lower semicontinuous and convex function. Assume that either (B1)
or (B2) holds. For v > 0 and x € H, define a mapping T, : H — C as follows.

1
Toa) = { € O3 Fap) + o)+ o= 22— 2) > o(2), Wy e c}

for all x € H. Then the following conclusions hold:
(1) For each z € H, T, (z) # ©;
(2) T} is single-valued;
(3) T; is firmnly noncxpansive, i.e. for any x,y € H,

T (z) — T < (Lo~ Thy, x — y);
(4) F(T.) = MEP(F, p);
(5) MEP(I' ¢) is closed and convex.

Lemma 2.2. ([18]) Assume {a, } is a sequence of nonnegative real numbers
such that
Un+41 < (1 e 'yn)a'n 1o (5n7
where {7v,} is a sequence in (0,1) and {4, } is a sequence such that
(1) D200 = 00
(ii) limsup,, ., 0n /7 <0 o0r Y 02 16,] < co.
Then lim,,_, ., a,, = 0.

Lemma 2.3. ([9]) Let (H,({.,.}) be an inner product space. Then, for all
z,y,2 € H and o, 8.y € (0,1} with a + B8+~ = 1, we have

> = allz|® + BlylZ +ll2)? — aBllz — y|?
— allz — 2% = Bylly — ||

lloax + By + vz

Lemma 2.4. ([14]) Let {zp} and {y,} be bounded sequences in a Ba-
nach space X and let {b,} be a sequence in [0,1] with 0 < liminf, . b, <
limsup,, o, by, < 1. Suppose 241 = (1 = bp)yn + bpzy, for all integers n > 1
and limsup,, ,  (|vns1=Ynll — |Znp1 = 2nl]) < 0. Then, limy, 00 ||yn — Tnl| = 0.

Lemma 2.5. ([5]) Demi-closedness principle. Assume that T is a nonex-
pansive self-mapping of a nonempty closed convex subset C of a real Hilbert
space H. If T has a lixed point, then I — T is demi-closed: that is, when-
ever {z,} Is a sequence in C converging weakly to some x € C (for short,
T, — x € C), and the sequence {(I — T)z,} converges strongly to some y (for
short, (I — T)z,, — y), it follows that (I — T)x = y. Here I is the identity
operator of H.
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The following lemma. is an immediate consequence of an inner product.

Lemma 2.6. In a real Hilbert space H, there holds the inequality
e +yli* < 2l + 2@,z +y), Va,yec H.

In 2009, Kangtunyakarn and Suantai [6] introduced a new mapping called
the S-mapping. Let { T,;}i/\;1 be a finite family of nonexpansive mappings of C
into itself. For each n € Nyand 7 =1, 2, ..«, N, let aﬁ") = (o/ll’]7 UEIP 7l’]) be
such that o). a5y, 7 ag” € 7 € [0, 1] with a?’j N ag’j . a’;” = 1. They defined the
new mapping S, : €' — C as follows:

U'n,() - [a
Uni = aP' TiUpp + o ' Unpo + o' 1,
Unz = o TolUp 1 + 03Uy + o221,

1\3 3 3
([n.,B = O;I T3(]n,2 + ag Un 2+ ar; I

70, N 1 ] n,N-1 n,N—1
Upno1 = oy Tn_aUp n- 2+a2 Unn—2+ a1,

n,N
Sn”‘Unz\’::u TNUnN 1+ag UnN 1oy’ I

The mapping .5, is called the S-mapping generated by 11,15, ..., Ty and agn),
agn), ) (xg\r,) Nonexpansivity. of each 7; ensures the nonexpansivity of S,,.

Lemma 2.7. ([6]) Let C be a nonempty closed convex subset of a
strictly convex Banach space X. Let {T }1 1 be a finite family of nonexpan-
sive mappings of C' into itself with ﬂL F(T) # 0 and let aj = (al,oé,aé)
j=1,2,... N, where 0‘1 aQ,aq € (0,1}, al + a) + of = 1, al (0,1) for
all j = 1,2,A..,N -1, o €(0,1] and a2, aj € [0,1) forall 5 =1,2,...,N.
Let S be the S-nmppmg generated by 11,1y, ..., Ty and ay, @, ...,ay. Then
F(8) =L, F(Ty).

Lemma 2.8. ([6]) Let C be a nonempty closed convex subset of a Banach
space X. Let {T;} f\; 1 be a finite family of nonexpansive mappings of C into itself
and for all n € N and all j € {1,2,. N} let; a( n) = (al’] a2’] ag‘j), aj =
(a],a?2 o) Wherea]’] oy’ o 7 o 1] al,a2,a3 € 10,1], cyl’]+a"7+a =1
and o] + o + o} = 1. Suppo,sc a5 ol asn — oo for all i € {1,3}
and all j = 1,2,3,...,N. Let S and S, be the S-mappings generated by
T1,T5,.... Ty and ay,a9,..., .ay and 11,T5,..., Ty and a(n), (n) ..... (")
respectw(ly Then limy,_, o {|Snz — Sz|| =0 for every z € C.
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Lemma 2.9. ([1)) For given z*,y* € C, (z*,y") is a solution of problem
(1.2) if and only if z* Is a fixed of the mapping G : C — C defined by

G(x) = Po|Po(z — uBz) = AAP¢(x — pBx)], Yz € C,

where y* = P (0™ — pBz*).

Thronghout this paper, the set of fixed points of the mapping G is denoted
by GSVI(C, A, B).

3. Main Results

We are now in a position to state and prove our main results.

Lemma 3.1. Let the mappings A,B : C — H be «a-inverse-strongly
monotone and [-inverse-strongly monotone, respectively and let G : C — C be
defined by

G(x) = Po|Po(r — uBzx) = AMAPg(x — nBx)), Yz e C.
If X € (0,2«) and po € (0,23). Then G is nonexpansive.

Proof. For any x,y € C, we have

|G(x) — Gl = | Pe[Pe(w — nBz) = AAlc(z = pBz)]
~ Pc|Poly — pBy) — MAPo(y — 1By)]|I?
< |\|\Pe(x = pBz) = AALc(x — pBx)
— (Pe(y = pBy) — MAPc(y — uBy))|l
= (1 = AA)Pc(I — pB)z — (I = MA)Pc(I — pB)yll.  (3.1)

It is well known that if T : C — H be t-inverse-strongly monotone, then
I — 4T is nonexpansive for all v € (0,2¢). By our assumption, we obtain
I — XA and I — puB are nonexpansive. It follows that (I — AA)Pc(I — uB) is
nonexpansive. Therefore, from (3.1), we obtain immediately that the mapping
G is nonexpansive. 1

Theorem 3.2. Let C be a nonempty closed and convex subset of a real
Hilbert space H. Let F be a function from C x C to R satisfying (A1)-(A5)
and p : C — R|J{+oo} be a proper lower semicontinuous and convex function.
Let the mappings A, B : C — H be a-inverse-strongly monotone and 3-inverse-
strongly monotone, respectively. Let {T; }fvzl be a finite family of noncxpansive



196 S. Imnang

-

self-mappings of C such that 2 = (,_, F(T;) (YGSVI(C, A, B)(\MEP(F,p) #
V. For all j € {1 2, N}, let o n) = (q;"j, ay? a7y be such that o7, ol
ay? € 10,1], o + o)’ +af? =1, {a]? ;V:‘ll C [m.61] Wﬂb 0<m<b; <1,
{oP™M} < v, 1) with 0 < ny < 1 and {ag 1) {ai? ML < [0,0,) with
0 < 0y < 1. Let S, be the S-mappings generated by Ty,Ts,..., Ty and
(n)

cr(ln),ag"') ..... ay . Assume that either (Bl) or (B2) holds and that v is an
arbitrary point in C'. Let 2y € C and {x,}, {un}, {yn} be the sequences defined

by

N =5

F(un,y) +o(y) — @) + 52 (y = Unytn = Tn) > 0, Yy € C,
Yn = Loty — pBuy),
Lnty = apt + bntn + (1 = Qn — bn)SnPC(yn = AAyn), n > 1,

where A € (0, 2a) and p € (0,28). Suppose that the following conditions hold:

(C1) limyyo0 @y = 0 and 302 1 @, = 00;

(C2) 0 < liminf,, o0 by, < limsup,, ;.o bn < 1;

(C3) liminf, ooy > 0 and limy, o0 [Ty — Ta] = 0;

(C4) liny, oo | — o' = 0 foralli € {1,2,...,N} and

limy, o0 | 717 — 37| =0 for all j € {2,3,...,N}.

Then {z, } converges strongly to T = Pqu and (Z,7) is a solution of GSVI
(1.2), where y = P (T — uDBT).

Proof. Let a* € Q and {Z} } be a sequence of mappings defined as in
Lemma 2.1. It follows from Lemma 2.9 that

&t = Po|Po(z® — pBz™) — NMAPc(z* — pBz™)).

Put y* = Po(x* - pBz™) and ¢, = Po(yn — AAyn), then z* = Po(y* — AAy™)
and
Tl = ApU + b, + (1 — ap — by) Spty.

By nonexpansiveness of I — AA, I — 4B, Pg and T, , we have

Itn = 2*|1* = |Pc(I — AA)y, — Po(I — AA)y*||?
< lyn = v7112 = [|Pc(d = pB)uy — Po(I — pB)z*|?
< ln = 2°|* = | Trnn — Trpz®|)? < llzn — 2%, (3.2)

which, implies that

lZnt1 — 7| = {lanv + bpzn + (1 — @y — by)Sptn — 2¥||
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<aplv = 2| + ballzn — 27| + (1 = an — ba)[tn — 7|
< apllv = 2*|| + ballzn — 2| + (1 — an — by)||zn — ¥
< max{flv — 2"}, 21 - 2"}

Thus, {z,} is bounded. Consequently, the sequences {u,}, {yn}, {tn}, {Ayn},
{Bu,} and {S,t,} are also bounded. Also, observe that

s = toll = |1 Pe@Wner — AAyniy) — Polyn — AAyn)|l
< ynrr = ynll
= ||Pe(unt1 — pBuny1) — Polun — pBuy)||
< lungr = unll- (3-3)

On the other hand, from w,, = T, x, € domy and u,41 = Tr,,,Try1 € domgp,
we have

u : 1
Flun,y) +oly) — plun) + — (U = tn,Up — ) > 0, Yy C, (3.4)

Tn

and

F(?L7L+1, U) + 90(1/) - (p(“’n-}»l) + <3/ —Un41, Un4l — mn—%l) > 07 V?/ e C. (35)

n+1
Putting y = wu,41 in (3.4) and y = u, in (3.5), we have
) 1
Fwn, tyy1) + @(uns1) = o(un) + '7.—‘<'U/n+1 — Up, Up — Tpn) > 0,
n
and
1

Tn+1

F(un—H s un) =+ W(un) — ‘p(unﬁ—l) + (un — Un+41,Unt+1 — -’L'n+1> > 0.

From the monotonicity of ', we obtain that

Up — Tn Un+1 — Tn+1
<u’ll,+'l = Up, R B Z 0,
n Tn+1

and hence

T'n

<un+1 — Uy, Up — Upgl + Uppl — Tn — (Un+1 — :L'n+1)> > 0.

Tn+1

Then, we have

. T
Hun+1 - U'TLHZ < <“~n+1 — Up, Tptl1 — Tp + (1 - = )(Un—i—l - $n+1)>
Tn41
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7
< s = b { o = ol 1 22

n+1

lnun+1-zn+1n},

and hence

il .
H“nﬁ—] - “n” < H"l;n+1 - I'n” SR NT, ’7n+1 — ’71|”U'n+1 - 177—}-1” (36)
1

n+

It follows from (3.3) and (3.6) that

1 .
Ntny1 — tn | < | Tny1 — s & — i T N 7'n|”un+l - x'rH—l“' (3.7)
T'n41

Let 41 = byx,, + (1 — b,,)2,. Then, we obtain

Tpyo — bn—i—lxn—i-l Tnyl — bpy,

Zn+l — Znp — 1 by - 1- b,
v+ (1 — On41 — b11+1)571+1tn+1 _ anU -+ (1 — an — bn)sntn
1 bn+] 1-— bn
a, +1 a Y
- : (’U - Sn+1tn+1) + E (‘Sntn - 77) + Sn+1tn—+-1 — Satn.
- bnv+] 1 - bn
(3.8)
Next, we estimate ||Sy, 11,41 —Sntnll.
For each k € {2,3,..., N}, we have
1 k 1,k
”Un+1,ktn []n k‘fn” - ” B kaUn+1 k—1tn —{—(1 TR Un+1 k—1tn + an+ tn

B (1?’ TAU” ke1ln — Ay kUn k—-]tn - CY‘{, fn”
k
= [laf +1, (TelUni1 —1tn = TpUn g—1tn)

nt+lk n k nt+lk n k
+ (01 )TkUn k-1tn + ( )tn
n-+1,k

l/c k
+ Xo (Un—i—l,kfltn - nk%lt'n) + ((Y;+ (X; )Un kltn ”
s k k k
<oy Y Uy keatn — Unpoatal] + [T 2 o™ 1T U, kot
+lag T — al Kt + "*1‘nva+qutn«~ =1t

ko k
+ | 1n+1 ZzL’ [”Un,k~1tn“

N
:( ‘n+l,k+ _71+1, )”Un+1 k—1tn — nk— 145 “

k k Lk N
+ 10 = a1 Tl e atall + o™ — oIt

+ 1oyt — o R U goatall

N
< “Un.-H,k'f-ltn - Un k— 1fn” + |O‘n+l

k
= 01" 1 TeUn jo—1tn |
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Lk nk k n+1,k k 1,k
+ ‘ 7” ":iL Hltnll -+ |(O"n -y o ) + (ag - O‘g+ )”‘Un,k*ltnn
WUnsrk 1t — Ung bl + @ — 9T Uk 1t0])

F1ad TR R+ 0 = T Ukt

+lad® QU atal)

= U1k 1t~ Unprtull b 10q™ " = o F (DU atal] + [T - rtal])
+laf ™ a (el + WU katal): (3.9

It follow from (3.9) that
”Sn+1tn - Snan = ”Un—H Ntn F— Un,Ntn”

< HUn+l,l[ﬁ - n 11‘71” + Z |0n+1 g a?’jKHTjUn,jAltn“ + “Un,j-—ltn“)

+ z |(1n bl (\;’ J‘(thu + HUn,j~—lth)

77_,
_u“‘ffme—mn

+ Z |0”+1 v Ql Jl(HT Up,j—1tnll + |Un, J— 1tn])

N

1
+ Z o " ol (el 1Unj=1tall):
This together with the condition (C4), we obtain
Hm ||Syy1tn — Suta]l = 0. (3.10)
n—oo

It follows from (3.7) that

“S'n,Jrltn+1 - Sn.tn” S th+1 - fn” iz llSn+1tn - Sntn”

1
< ”:En+l - 1'71” -+ .

[7nt1 = Tolllunyr — Trl]
n+1

+ ||Snt1tn — Sntall- (3.11)
By (3.8) and (3.11), we have

1
lzni1 = 2all = NlTaan — Tp|| < T‘L

v — Snitnirll + —— ”5 tn — |

n+1 1
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+ “Sn+ltn+1 - Sntn” - Hxn—}—l - xn”
Qn+1 Qan
— jlv—- 8 t + Sty — v
= 1 . b71+1 “U n+1 n‘f'l” 1 _ an n*n ”
+= ‘Tn—H i Tnlnun—{-l - -'If'rH—l“
Tn+1

- HSn+]tn > Sntn”-
This together with (C1)-(C3) and (3.10), we obtain that
limsup ||zne1 — 2ol = {1 Za+1 — Zn] < 0.
n—>00
Hence, by Lemma 2.4, we get ||z, — z,|| = 0 as n — oo. Consequently,
lim ||Zp41 — @pll = Hm (1 = b,)||2n — z,]| = 0. (3.12)
00 n—00

From (CZ;), (3.3) and (3.6), we also have |[upt1 — un|l = 0, |[tas1 — taf]l = 0
and |yt — vnll = 0, as n — o0,

Since
Tpgl =~ Tn = (I‘n('v - 7~n) + (1 - Qp — b'n)(Sntn - -7:71,)7
therefore
1Sntn — znll = 0 as n — oo. (3.13)
Next, we prove that limg,_yeo |20 — 2n|| = 0. From Lemma 2.1(3), we have

Nn — 21 = | T2 — Tro2*|* € Typzn — Trpa®, T — T°)

1
= (up — 27,3, — ") = 5{”“% - -'3*“2 + {lzn ~ -'L'*Hz = lzn — un”2}-

Hence
et — 27 < Y — 22 = Nz — unll” (3.14)

From Lemma 2.3, (3.2) and (3.14), we have

I Zna1 — %1% < anllv = 2% + bpllzn — 22 4 (L = an — ba)|[tn — 2*|?
< anlv - -73*”2 +bnllzn = 2" H2 + (1 —an —bn)|un — & ”2
< anllo — 2 + bz, — 2|

+ (1 — an — bn) [”37" - -T*”2 — flzn — “n”2]

< anllv — 1*“2 + |zn — x*HQ —(1-an— bn)“xn - un“2-
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It follows that

(1 —a,—by)lw, ~ “n”2 <apllv - x*“Q + flzn — -73*”2 = lI#at1 — x*HQ

< apllv - -T*H2 + (lzn — 2"l + |#ng1 = 2|l Tns1 — Ty |-
From the conditions (C1), (C2) and (3.12), we obtain
nh_r)rolo (e R = (3.15)
Since

“Sntn - “n” < ”Sntn v -’I:n” Iy ”-'L'n - “n“’
it follows from (3.13) and (3.15) that

7}1};0 |Sntn — un|| = 0. (3.16)

Next, we show that || Ay, — Ay*|| = 0 and ||Bu,, — Bz*|| — 0 as n — oco. From
(3.2), we have

@1 — 27 < anllo=a*||>+ bullzn — 2" + @ = an — bp)||tn — z*|?
= anllo — z*||* + bpl|2n — =)
+ (1= an —bn) | Palthn = AAgn)— Poly™ — My™)|)?
+ (1= an = ba) [l (yn = Myp) = (" — A Ay")|
< anllv = ¥ + baflwn — 272
+ (L= an = ba)[llyn — ¥l + AN — 20) (| Ay, — Ay*||?]
< apllv— x*HQ + llzn —~ 5"'*“2

+ (1~ an — b)A(A — 20)[| Ay — Ay*|2,
and

lZn1 5‘7*“22 < apliv - -73*”2 + oz ~ -73*”2 + (1= an — by)|lt, — x*“2
< anllv = &* | + bullzn =2 + (1~ an = bp)lyn — y°|I?
< aully = 21 + b7, — 2P

+ (1= an = bn)l[(un — pBuy) — (2% — ,qu*)HQ
< anflv - :C*H2 + bl — ¥

+ (1= an = bn){llun — 2" |I* + u(pe — 28)||Bun — Bz*|]?],
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<anflv - a|? + [[@n — Jf'*“2

+ (1 = an — bp)pu(p — 28)||Bun, — Bx*||2.

Therefore, we have

(1 an = b)MA = 20)|| Ay, — Ay*||?

< anllv - 2"+ (o = 2] + foner =" Dl|zne — zall,
and

— (1 — a, — by)p{p — 2B)||Buy, — Bz*||?

< aullv = a2+ (@n — 7+ ns1 = 2 )| znes — 22l
This together with (3.12), (C1) and (C2), we obtain

| Ay — Ay™|| = 0 and ||Bu, — Bz*|| - 0 as n — ooc. (3.17)

Next, we prove that |S,t, —tn| = 0 as n — co. From (2.1) and nonexpan-
siveness of [ — 113, we get

lyn = 4" I* = | Fo(un — pBuy) = Po(a* — pBa)|?

= [~ nBus).— (& =By g — oI
= l(un — pBuy) = (&" = pBz") = (yn — v")|1%]
< gl = 212 4 B — 92 = %) — (9 = 3P
+20{(un — 27) = (yn — y*), Bun — Bz*) — 1i%||Buy, — Bz*||?].
By (3.2), we obtain
g = 112 < llun = I~ lim %) = i — )P
+ 20{(ttn ~a") = (4 = 4"), Bun — Ba?) — %]| Buy, - Ba'|?

< Jlan "1:*”2 =& as) % 5 y*)”2
+ 21 (un — ") = (yn — ¥*), Bup, — Bz*) ~ 12| Bu,, — Bz*|%.

Hence,

znss ~ 2" |* < anllo = 2|2 + ballen — &) + (1 = an = ba) g — |12
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< anllo — 2P + bpflen — 2 + (1 = an — bo) ||z — ¥

— un = %) = (g — )12

+2p(un ~ %) — (yo — y"), Bup — Ba*) — 1i%|| Bu,, — Bz*|?]
<apllv — 2 + ||z — 22

— (1= an — ba)llun = 2*) — (yn — v*)|1?

+ (1~ an — bn)2ul[(un, — 2*) — (yn — v*)|||| Bun — Bz™||,

which implies that

(1 — an — bn)”(un - *’L'*) 2 (yn 3 y*)Hz
< apljv — ‘T*HZ + (1~ an — bn)2ull(u, — ") = (yn — ) Buy, — Bz*||
+ (lm = 2+ lman = & ) B = ol

This together with (C1), (3.12) and (3.17), we obtain

(un —2*) = (Yn —¥")]| 20 as n — co. (3.18)
From Lemma 2.6 and (2.2), it follows that

H(yn —tn) + (= = y*)I* = ll(yn — AMuyn) — (v* — Ay*)
= [Pelyn — AMya) = Pe(y" — MAy")] + MAy, — Ay")|?

<HHyn — Ayn) — (y" — AAyY*) = [PC(yn = XAyn)= Po(y* - )‘Ay*)] “2
+ 2)\(14;1/,,, ~ Ay”, (’!/n - tn) o ('75* ot y*»

< yn = Aya) = (" = 2GR — | Polyn — Ayn) — Po(y® = AAy*)|?
+ 2A[Ayn — Ay | (yn — ta) + (@ =yl

< Hyn — Ayn) = (4" = MY = 192 Pa(yn — Myn) — SuPe(y* — AAy®)|J?
+ 2MAyn — Ayl (yn — ta) + (&% — y*)|

< Wyn — Ayn) = (v — AAy*)
— (Sutn — 27| [H(yn — Muyn) = (y" — Ayl + | Sntn — 1’*”]
+ 2MAyn — Ay (yn — t) + (=" — y*)|l

= flun — Sptn + 2" — y* = (u, — yn)
~ MAyn — Ay [[1(yn — Ayn) — (" — AAY")|| + |Sntn — 2*[]]
+ 2M[Ayn — Ay [ (yn — tn) + (=* = y)|.

This together with (3.16), (3.18) and (3.17), we obtain ||(y,—t,)+(z*—y*)|| = 0
as n — 0o. This together with (3.13), (3.15) and (3.18), we obtain that

1Sntn = tall < 11Sntn = znll + lan = unll + | (un — yn) = (z* = y*)|
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| yn —tn) + (2 - y™)|]| 2 0 as n — oo. (3.19)

Next, we show that

limsup{v — Z,z, — T) <0,
n—0o0

where T = Pyu.
Indeed, since {t,} and {Spt,} are two bounded sequences in C, we can
choose a subsequence {t,,} of {t,} such that ¢,, = z € C and
limsup(v — T, Sptp, = Z) = lim (v = 7, S, tp, — T).
=300 100
Since limy, 0 ||[Sntn — tu]| = 0, we obtain that Sy t,. — z as i — co.

Next, we show that z € §Q.

(a) We first show z € ﬂfil F(T;).

We can assumne that o}/ — o € (0,1) and o™ — ol € (0,1] as n — oo
forallj e {1,2,...,N—1} anda?’j —>a§ €l0,l)asn - ooforj=1,2,...,N.
Let S be the S-mappings generated by 11,73, ..., Ty and ay, aq,...,ay where
a; = (af. . af), for j = 1,2,..., N. From Lemma 2.8, we have ||Spt, — St,|| —
0 as n — o0. Since

Stn T tn“ S ”an - Snfn“ + “Snfn — tn”:

it follows by (3.19) that ||St,, — t,]] = 0 as n — co.

Since t,,, — 2z and ||St,, — ¢,]| = 0, we obtain by Lemma 2.5 and Lemma
2.7 that z € F(S) = "L, F(T}).

(b) Now, we show that z € GSVI(C, A, B).

Since

th - fI;nH < “Sntn = tn” < ”Sntn i fL'n“,

it follows from (3.19) and (3.13) that ||t, — z,]| — 0 as n — co. Furthermore,
by Lemma 3.1, we have G : C' — C' is nonexpansive. Then, we have

||tn - G(tnm - “P(I(yn - /\Ayn) 7 G(fn)”
= |Pc[P(un — tBun) = AAP(u, — pBuy)] ~ G(t,)||
= |G(un) = Gt )|l < lun — tall
< Hlun = zall + 120 ~ tall,

which implies ||t,, — G(t,)|| — 0 as n — co. Again by Lemma 2.5, we have
z€ GSVI(C, A, B).

(c) We show that z € MEP(F,y). Since t,, — z and ||z, — t,|| = 0, we
obtain that z,, — 2. Irom |lu, — z,|| — 0, we also obtain that u,, — 2. By
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using the same argument as that in the proof of {10, Theorem 3.1, pp. 1825],
we can show that = € MEP(F, ). Therefore there holds z € Q.
On the other hand, it follows from (2.3) and S,,,t,, — z as 7 — oo that

limsup(v ~ 7,2, — T) = limsup(v — Z, Sptp — T) = lim (v~ T, Sy, tn, — T)
n—0C n—00 200

={(v=T,z=7) <0. (3.20)
Hence, we have

“"1;71,+1 - 7“2 = <an7) ir b?tfl:TL + (1 — Qp — b’rL)Sntn —T,Tny1 — i>
= (V= T, Try1 — T) + bp{Tn = 7, Tntl — I)
+ (1 —an — bp){(Sntn — Z,Zp 1 — T)

_ _, _ _
< (v — Ty Ty — ) + ibn(Hacn - :1P|[2 + |Zns1 — Z°)
: 12 , 12
(1 = an = b))t — Z||" + g1 — Z||%)

_ 1 _ _
< an(v =T, Tpyy — T) + 5571(”1571 — 7“2 + ||zner — T

<4

+

o=~

+ 5(1 = an — bp)(||zn = 7“2 + |Zn1 - I”2)

2

" 1 _ _
= an{v = T, np1 = F) + 5 (1= an)(ln - 72 + lzne1 — Z)),
which implics that
lznr = 7|12 < (1 = an)||lzn — Zl2 + 200 (0 — T, 2py1 — T

It follows from Lemina 2.2 and (3.20) that {z,} converges strongly to Z. This
completes the proof. O

Let N=1,T) = 5, a;l‘l = ag’l =0,0=0, F(z,y) =0forall z,y € C and
rn = 1 for all n € N in Theorem 3.2, then v, = Pgx, = z,. By Theorem 3.2,
we obtain the following result.

Corollary 3.3. |[1, Theorem 3.1] Let C be a nonempty closed and convex
subset of a real Hilbert space H. Let the mappings A, B : C — H be a-inverse-
strongly monotone and S-inverse-strongly monotone, respectively. Let S be a
nonexpansive self-mapping of C' such that Q@ = F(S)(VGSVI(C, A, B) # Q.
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Assume that v is an arbitrary point in C. Let ¢y € C and {z,} and {y,} be
the sequences generated by

yn — PC'(;T:yl o /LB.T”),
Tpgl = QU+ bniﬁn + (1 T bn)SP()(yn — /\/1:(/")7 n > 1.

If A e (0,2a), jo € (0,28) and the sequences {a,}, {b,} are as in Theorem 3.2,
then {@,} converges strongly to T = Pov and (Z,y) is a solution of GSVI (1.2),
where y = I’ (T — 1 BT).

4. Applications

In this section, we apply Theorem 3.2 with three strong convergence theorems
in a real Hilbert space.

We recall that a mapping T : C — C'is called strictly pseudocontractive if
there exists some k with 0 < k < 1 such that

[Ta — Tyl* <llz — y|* + k(I =T)z — (I - T)ylI*>, Vz,yeC.

If k =0, then 7" is nonexpansive. Put A = I -T, where T : C — C'is a strictly
pseudocontractive mapping with k£. Then we have, for all z,y € C,

(7 = A)x = (T = AR < [l — gl + k|| Az — Ag]?.
On the other hand, we have
(I = T)x — (I~ T)ylf? = ]z = yll* ~ 2(z — y, Az — Ay) + ||Az — Ay,

Hence we have
11—k 9
(0~ v, Az — Ay) > |4z — Ay]*

Then, A is L%—inverso-strongly monotone.

Theorem 4.1. Let C be a nonempty closed and convex subset of a real
Hilbert space H. Let F' be a function from C x C' to R satisfying (A1)-(A5) and
w: C — R J{+occ} be a proper lower semicontinuous and convex function. Let
the mappings T,V : C' — C be strictly pseudocontractive with constants k,l,
respectively. Let {\T, }Y.| be a finite family of nonexpansive sclf-mappings of C
such that @ = (\._, F(T,))GSVI(C,I - T,I - VY(YMEP(F,p) # . For

allj € {1,2,...,N}, let a§n) = (a7, a7, ap7) be such that o, o’ o’ €
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0,1], a7 +al ! +al? =1, {al gv VL m, 00) with0 <y < 6, < 1, {a7"N}

v, 1] with 0 < na < 1 and {a)? JRE {03] §V1 C [0,8] with 0 < 6y < 1.
Let S,, be the S-mappings generated by T, Ts, ..., Ty and a(") (2n)7 .. ,ag\’,l).
Assume that either (B1) or (B2) holds and that v is an arbitrary point in C.

Let x1 € C and {2, }, {un}, {yn} be the sequences defined by

F(Un,'!/) + W(:‘/) - 99(’“"”) == %(y T Up,y Up — xn) >0, Vyed,
Yn = (1 o N)un -+ N"/unv
Tn41 = AV + bnrn + (1 — Un — n)S (( )yn + /\jln) n > 1,

where A € (0,1 — k) and ;o € (0,1 —1). Suppose that the following conditions
hold:

(C1) lim, g0 = 0 and Y 07 | ap = 00;

(C2) 0 < liminf, o by, < limsup,, o, by < 1;

(C3) liminf o0 75 > 0 and limy 00 |71 — 7n] = 0;

(C4) limy, ol — | =0 foralli e {1,2,...,N} and

limy, o ]a”“ - 17;7| =0 forall j€{2,3,... ,N}.

Then {x,} converges strongly to T = Pyv and (Z,7) is a solution of problem
(1.2), where iy = (1 — )T + puVT.

Proof. Put A =1 —-T and B =1 —-V. Then A is 1—gﬁ—inverse-strongly
monotone and B is 1TI—inverse—strongly monotone, respectively. We have

FPeluy = pBuy) = (1 = pu, + pVu,
and
Po(yn — Myn) = (L= Nyn + ATy,.
Therefore, the conclusion follows immediately from Theorem 3.2. [

Theorem 4.2. Let H be a real Hilbert space. Let F' be a function
from H x H to R satisfying (A1)-(A5) and ¢ : H — R|J{+o0} be a proper
lower semicontinuous and convex function. Let A : H — H be «-inverse-
strongly monotone mapping. Let {T,}fil be a finite family of nonexpansive
self-mappings of H such that = ﬂ]\il R ﬂA‘10ﬂMEP(F <p) # (). For
all j € {1,2,... N}, let a(.") = (a7, a}?, a37) be such that o}, 37, o €
0,1], @ 7+a'; '+u75' =, {cx'” NV 6] with0 <m < 61 < 1, {a] } C
[mn, 1) with 0 < ny < 1 and {a2 pl 1,{a"] N C [0.65] with 0 < 0 < 1.

Let S, be the S-mappings generated by Ty, Ty, ..., Tn and a( ™) gn), " 5\7,1).
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Assume that cither (Bl1) or (B2) holds and that v is an arbitrary point in H.
Let 1 € H and {w,}. {un}, {yn} be the sequences defined by

F(“nvl}) + ‘r’j(y) - ()D(UTL) =+ %(U — Up, Up ~— wn) >0, Vye H,
Yn = 1y — AAwuy,,
Tng1 = Un0 + by + (1 = an — bn)Sp(yn — Ay,), n>1,

where X € (0,2«). Suppose that the following conditions hold:
(C1) iy g 0y = 0 and Y o2 @n = 00;
(C2) 0 < limint,, . b, < lmsup,, ., by < 1;
(C3) liminf, o7y > 0 and limy, 00 [The1 — Ta| = 0;
(C4) lim,, o0 [ — | =0 forall i € {1,2,..., N} and
limy,—y 00 )ag’H’j - a';’| =0 forallje€{2,3,...,N}.
Then {z,} converges strongly to T = Pyv.

Proof. Put A = i, C = H, B = A and Py = I in Theorem 3.2. By using
the same argument as that in the proof of {1, Theorem 4.1, pp. 388-389], we
can show that A '0=GSVI(C,A,B) =VI(A, H) and

problem (1.2) < problem (1.3) < VI(A, H).
Thus, by Theorem 3.2 we obtain the desired result. 0

Recall that the resolvent of the maximal monotone mapping B : H — 27
is defined by JP = (I +rB)~! for all 7 > 0, it is known that F(J?) = B710
and J# is nonexpansive.

Theorem 4.3. Let H be a real Hilbert space. Let F be a function
from H x H to R satisfying (A1)-(A5) and ¢ : H — R|J{+oo} be a proper
lower semicontinuous and convex function. Let A : H — H be «-inverse-
strongly monotone mapping and let B1,Bs,...,By : H — 27 be maximal
monotone mappings such that Q = ﬂfvzl B 'O ATYONMEP(F,p) # . For

all i € {1,2,...,N} and r; > 0, let J,;?i be the resolvents of B;. For all
J€ L2, N} et cx:(j") ac (a?’j,‘a;l’j,ag’j) be such that o7, a7, a3 €
0,1}, a7? + a5’ + a3’ = 1, {a}”? é\’:jl C [m,6] with0 < m < 6 <1,
{o/f‘N} C [nn,1] with 0 < ny < 1 and {ag” j»vzl,{ag’J ;»Vzl C [0,02] with
0 <6y, <1. Let S, be the S-mappings generated by JBt, B2 ..,JrlfVN and

1 YYre 1
agn),ag"). - ,(XX,L). Assume that either (B1) or (B2) holds and that v is an
arbitrary point in H. Let 71 € H and {x,}, {un}, {yn} be the sequences defined
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by

F (i, y) + 0(y) = @(un) + 7=y = Un, Un — zn) >0, Vy € H,
Yn = Up — AA'U/”’
Tt = a0+ bpy + (1 e bn)Sn(yn - /\Ayn)) n>1,

where A € (0,2a). Suppose that the following conditions hold:

Py

(C1) limy o0 @y, = 0 and 3 07 1 ap = 00;

(C2) 0 < liminf,, o0 b, < limsup,, . b, < 1;

(C3) liminf,, oo 17 > 0 and limg o0 [Tne1 = 70| = 0;

(C4) lim,, o0 Ja} T — ' =0 for all i € {1,2,...,N} and
lim,, [(.'xgml"l’j - ag‘jl =0 forallj€{2,3,...,N}.

Then {z,} converges strongly to T = Pyv.

Proof. For alli =1,2,...,N and r; > 0, we have F(]ffl) = Bi*l(). Putting
=T and T, = Jr’f" for all ¢ = 1,2,..., N, by Theorem 4.2, we obtain the

desired result. O
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